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A nossa dissertação tem como objectivo explorar possı́veis extensões do modelo padrão ΛCDM1
generalizando a constante cosmológica com quintessência, ou seja, um campo escalar φ cuja equação
de estado w = p/ρ varia com o tempo. Em vez de tentar elucidar a própria natureza da energia es-
cura, adoptamos uma abordagem fenomenológica para construir diferentes modelos sob a forma de uma
parametrização simples de um campo escalar, que também pode estar acoplado à matéria escura. A
ambição é propor alternativas viáveis ao modelo padrão, limitando o número de parâmetros adicionais
ao mı́nimo estritamente necessário porque modelos mais complexos não podem normalmente ser con-
strangidos por observações devido às degenerescências que aumentam com o número de parâmetros. O
nosso trabalho esforça-se por cobrir as etapas clássicas da construção e testes de modelos em cosmolo-
gia. Começamos com a procura de parametrizações adequadas das quais possamos extrair expressões
analı́ticas. Elas permitem-nos estudar teoricamente o desempenho assimptótico dos modelos, tanto em
termos da evolução cosmológica de fundo como da evolução das perturbações. Modificamos um código
de Einstein-Boltzmann existente para confirmar numericamente a viabilidade dos cenários e calcular
quantidades observáveis, tais como distâncias de luminosidade e espectros de potência. Os resulta-
dos numéricos permitem-nos avaliar a sensibilidade dos observáveis previstos aos graus de liberdade
adicionais. Finalmente, realizamos análises com Markov Chain Monte Carlo para estimar o valor dos
parâmetros e constranger os modelos considerados com observações astronómicas. Alem de recorrer a
trabalhos anteriores, particularmente os que estudam sistemas dinâmicos em cosmologia, procedemos
oportunisticamente à revisão de conceitos-chave ao longo da dissertação sempre que necessário para
interpretar caracterı́sticas cosmológicas. Acreditamos que esta abordagem prática é pedagogicamente
inestimável na medida em que permite aprender e apresentar esta área complexa através de um estudo
concreto e abrangente. Esperamos que a dissertação também ofereça de forma convincente modelos
promissores cuja originalidade reside principalmente na simplicidade da parametrização, embora capaz
de cobrir uma vasta gama de evoluções com apenas um parâmetro adicional.
O nosso objectivo no Capı́tulo 1 é introduzir o modelo padrão ΛCDM que especula nomeadamente
a existência de uma constante cosmológica que acelera a expansão do Universo. É a referência contra a
qual iremos testar os modelos dinâmicos de energia escura considerados neste trabalho. O modelo padrão
é construı́do sobre os fundamentos teóricos da cosmologia moderna que descrevemos no Apêndice A por
conveniência. Adicionalmente, vamos ver brevemente como a equação de estado da energia escura pode
ser parametrizada como o meio mais simples de lidar com o problema da constante cosmológica.
No Capı́tulo 2, como alternativa à habitual parametrização da equação de estado, examinamos em
pormenor uma parametrização linear de quintessência sob a forma de uma dependência logarı́tmica
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do factor de escala: φ = λ ln a. Após a apresentação da quintessência como um campo escalar re-
sponsável pela energia escura, vamos construir fenomenologicamente um modelo parametrizado a que
chamámos λCDM para estender o modelo padrão com apenas um único parâmetro λ. Veremos que
prevê soluções de escala que aliviam o problema de ajuste das condições iniciais, ao mesmo tempo que
permite a aceleração cósmica tardia. A fim de avaliarmos o comportamento do nosso modelo λCDM no
universo perturbado, também prestamos atenção à evolução das flutuações da matéria. Comparamos a
parametrização do campo escalar com o modelo ΛCDM no que diz respeito à dinâmica das perturbações
da matéria escura.
Agora que estamos confiantes que a nossa parametrização λCDM é um modelo teoricamente credı́vel
de energia escura dinâmica, queremos no Capı́tulo 3 estimar os valores mais adequados dos parâmetros
que asseguram que o modelo satisfaz os conjuntos de dados observacionais. Avaliamos em primeiro
lugar a sensibilidade das quantidades observáveis previstas pelo modelo ao parâmetro relevante λ. De-
screveremos em termos gerais o código Einstein-Boltzmann chamado CLASS que modificámos para
adaptar o potencial do campo escalar parametrizado. Apresentamos também os diferentes conjuntos de
dados de observações cosmológicas e astrofı́sicas que escolhemos. Finalmente, discutimos os resultados
das análises das cadeias de Markov Monte Carlo que realizamos com o pacote de inferências Bayesianas
chamado MontePython. Descobrimos que a parametrização reproduz notavelmente bem as observações
e é ao mesmo tempo indistinguı́vel de uma constante cosmológica, que não pode ser descartada.
No Capı́tulo 4, queremos testar acoplamentos de energia escura com matéria escura, considerando
um acoplamento constante β que parametriza a interacção entre a matéria escura fria e o campo de quint-
essência. Em primeiro lugar, construı́mos o nosso modelo λβCDM para avaliar os efeitos do acopla-
mento sobre a evolução teórica de fundo do universo. Tratamos também da evolução das perturbações
para identificar o impacto do acoplamento sobre os observáveis previstos. Para este efeito, modificámos
novamente o código do CLASS para adaptar o módulo das perturbações. Terminamos com uma análise
Bayiesana para estimar e constringir os parâmetros do modelo acoplado.
O nosso último Capı́tulo 5 encerra a dissertação oferecendo considerações finais, bem como per-
spectivas de desenvolvimento futuro do nosso trabalho. Dizem especialmente respeito à necessidade de
completar a análise estatı́stica e de explorar acoplamentos suplementares, por exemplo com matéria es-
cura mista e o sector electromagnético. Este último seria útil para ajudar a constranger λ and β com a
variação da estrutura fina constante α.
Palavras-chave: Energia Escura, Quintessência Acoplada, Cosmologia Observacional
viii
Abstract
Our dissertation aims to examine possible extensions of the standard ΛCDM2 model by generalizing
the cosmological constant with quintessence, i.e. a scalar field φ whose equation of state w = p/ρ varies
as time goes on. Rather than trying to elucidate the very nature of dark energy, we adopt a phenomeno-
logical approach to construct different models in the form of a simple parametrisation of a scalar field,
that could also be coupled to dark matter. The ambition is to propose viable alternatives to the standard
model, limiting the number of additional parameters to the strict minimum as more complex models can-
not usually be constrained by observations because of the degeneracies that increase with the number of
parameters. Our work endeavours to cover the classical steps of model building and testing in cosmology.
We begin with seeking suitable parametrisations from which we can extract analytic expressions. They
enable us to theoretically study the asymptotic performance of the models in terms of both background
and perturbations evolution. We modify an existing Einstein-Boltzmann code to numerically confirm
the viability of the scenarios and compute related observable quantities such as luminosity distances and
power spectra. The numerical results allow us to assess the sensitivity of the predicted observables to
the extra degrees of freedom. We finally carry-out Markov Chain Monte Carlo analyses to estimate the
parameters values and constrain the models considered with astronomical observations. While relying
on previous works, particularly those studying dynamical systems in cosmology, we review key concepts
across the dissertation whenever required to interpret cosmological features. We believe that this hands-
on approach is pedagogically invaluable in that it permits learning and presenting this complex domain
by doing a concrete and comprehensive study. We hope the dissertation is also convincingly offering
promising models whose originality mainly lies in the simplicity of the parametrisation which is though
able to cover a wide range of evolutions with only one additional parameter.
We aim in Chapter 1 to introduce the standard ΛCDM model that notably speculates the existence of
a cosmological constant accelerating the expansion of the Universe. It is the benchmark against which
we will be testing the dynamical dark energy models considered in this work. The standard model is built
on the theoretical foundations of modern cosmology that we describe in Appendix A for convenience.
Additionally, we are briefly reviewing how the equation of state of dark energy can be parametrised as
the simplest means to address the cosmological constant problem.
In Chapter 2, as an alternative to the usual parametrisation of the equation of state, we examine
in detail a linear parametrisation of quintessence in the form of a logarithmic dependence on the scale
factor: φ = λ ln a. Following the presentation of quintessence as a scalar field responsible for dark
energy, we will be phenomenologically constructing a parametrised model we called λCDM to extend
the standard one with just one single parameter λ. We will see that it provides for scaling solutions in
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the universe background that alleviate the problem of the initial conditions fine-tuning, while at the same
time allows for the late-time cosmic acceleration. In order to appreciate the behaviour of our λCDM
model in the perturbed universe, we also pay regard to the evolution of matter fluctuations. We will be
describing the linear perturbation theory in the synchronous gauge, and later apply it to compare the
scalar field parametrisation with the ΛCDM model as regards the dynamical evolution of the cold dark
matter perturbations.
Now that we are confident our scalar field λCDM parametrisation is a theoretically credible model of
dynamical dark energy, we want in Chapter 3 to estimate the best-fit values of the parameters that ensure
the model satisfies observational datasets. We first assess the sensitivity of observable quantities pre-
dicted by the model to the relevant parameter λ. We will broadly describe the Einstein-Boltzmann code
called CLASS that we have modified to accommodate the analytic expression of the self-interacting po-
tential of the parametrised scalar field. We will also be presenting the different datasets of cosmological
and astrophysical observations we have chosen as probe of either background or perturbation evolution.
We will finally be discussing the results of the Markov Chain Monte Carlo analyses we are carrying out
with the Bayesian inference package called MontePython. We figure out that the parametrisation repro-
duces remarkably well the observations and is at the same time indistinguishable from a cosmological
constant, which cannot be discarded.
In Chapter 4, we are testing dark energy couplings with dark matter by considering a constant cou-
pling strength β that parametrises the interaction between cold dark matter and the quintessence field.
First of all, we will be building our model λβCDM to assess the effects of the coupling on the theoreti-
cal background evolution of the universe. We will also be addressing the evolution of the cosmological
perturbations to identify the impact of the coupling on the corresponding predicted observables. To this
end, we have again modified the CLASS code to notably adapt the perturbations module to the coupling.
We will finish with a MCMC analysis to estimate and constrain the parameters of the model we are
considering.
Our last Chapter 5 wraps up the dissertation by offering concluding remarks, as well as prospects
for future development of our work. They especially concern the necessity to complement the statistical
analysis and to explore supplementary couplings, for instance with mixed dark matter and the electro-
magnetic sector. The latter would be useful to help constrain λ and β with the variation of the fine
structure constant α.
Keywords: Dark Energy, Coupled Quintessence, Observational Cosmology
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The dominant paradigm in modern cosmology is currently formalised in the ΛCDM model. It suc-
cessfully describes the Universe in expansion that began with a hot Big Bang at the origin of time. Even
though the standard model fits well the available astrophysical observations, it faces serious challenges
on the determination of the Universe composition which is shrouded in mystery. It is built on the un-
derlying postulate that the Universe comprises two elusive ingredients accounting for no less than ninety
five percent of its content. ’Dark matter’, which necessarily complements the tiny part of ordinary matter
we are made of, is itself a minute fraction of the overall mass-energy that governs the whole expan-
sion. ’Dark energy’, as a hypothetical and overwhelming ethereal extra essence of unknown nature and
negative pressure, is needed to explain the paradoxical acceleration of the universe.
1.1 ΛCDM model in brief
According to the Raychaudhuri equation1, the known content of the universe should slow the ex-
pansion because the acceleration of the scale factor, ä, is negative for both radiation and matter. This
is however in total contradiction with astrophysical observations. The acceleration of the expansion
was discovered by two independent teams who found in 1998 that remote supernovae of type Ia (SNIa)
were fainter than expected in a universe dominated by matter [1, 2]. This pivotal discovery suggests the
existence of an unknown component dubbed dark energy, provided that both General Relativity and the
cosmological principle still hold [3, 4]. In order for the universe to accelerate, the Raychaudhuri equation
imposes that dark energy must have a negative pressure (ρ + 3p < 0 ⇔ p < −ρ/3 < 0). The cosmo-
logical constant has logically been evoked as a candidate for dark energy exponentially accelerating the
universe2,
ρΛ = Λ ⇒ a ∝ e
√
Λ/3 t. (1.1)
1 The basics of cosmology are summarized in Appendix A for convenience.
2 The cosmological constant pressure is negative according to the continuity equation (A.21), ρ̇Λ = Λ̇ = 0⇒ pΛ = −Λ
1
Taking account of the relation between the density parameters3 Ωi (A.22), the evolution of the uni-
verse background can be described in terms of five cosmological parameters only: Ωk0 , Ωr0 , Ωm0 , ΩΛ0
and H0 (or h). In order to extrapolate the past and future evolution of the universe background, it would
then be sufficient to measure the values of the present density of radiation, matter, curvature and Λ, as














Observational cosmology precisely aims to measure the value of these cosmological parameters.
In fact, spatial curvature and radiation are negligible. The universe is nearly flat as it was found that
Ωk0 = 0.001 ± 0.002 at 68% confidence level [5]. The density of radiation is a nearly fixed quantity as
it relates to today’s Cosmic Microwave Background (CMB) temperature Tγ ∼ 2.726K. It is thus a very
well constrained parameter of the model. The energy density of electromagnetic radiation is dominated
by the photons of the CMB. According to the Stefan-Boltzmann law, Ωγ0 = 2.47 × 10−5h−2. Other
relativistic species additionally contribute to the radiation density, particularly the neutrino background.
Assuming the existence of three families of massless neutrinos, one obtains,
Ωr0 =
[







Ωγ0 ' 4.1× 10−5h−2. (1.3)
Given that radiation and curvature are negligible, Eq. (A.23) reads ΩΛ = 1 − Ωm = 1 − (Ωc +
Ωb). Hence, the free parameters describing the background evolution of the ΛCDM universe are limited
to Ωc0 , Ωb0 and h. Alternatively, one can use absolute densities ωi = Ωih
2 instead of the density
parameters. According to the most recent Planck results [5], approximatively 68% of the universe content
is made of the cosmological constant, 27% of cold dark matter and 5% of baryons. By rewinding the
scale factor back, Eq. (1.2) shows that the universe was dominated by radiation at early times, and later
by matter, before entering into the present dark energy era. The time at equality between radiation
and matter (aeq) and the transition between matter and the cosmological constant (aΛ) are background
quantities that can be estimated with the density parameters.
The model foresees a hot Big Bang corresponding to the initial singularity when a → 0. Since
the temperature varies with the scale factor as T ∝ a−1, the universe was not only denser but also
hotter in the past. Big Bang nucleosynthesis took place 3 minutes after the Big Bang, and was followed
by an opaque plasma epoch when radiation domination ended. The Universe later became transparent
with the decoupling of the primordial photons that compose the CMB. Moreover, the ΛCDM model is
complemented by the existence of a period of inflation at the very early time when the universe was
dominated by quantum vacuum, supposedly 10−34 s after the Big Bang [6]. It notably provides the
3 k, r, m, Λ, c and b respectively stand for curvature, radiation, matter, cosmological constant, cold dark matter and baryon.
2
adiabatic initial conditions of the scalar perturbations in the standard model.
In spite of the necessity to speculate the existence of a dark sector accounting for no less than 95%
of the universe content, as only 5% of the matter would be in the form of baryons predicted by the
Standard Model of particles, the standard cosmology is very much in agreement with the observations.
Nevertheless, while the cosmological constant identified with the energy of the vacuum exercising a
negative pressure is a natural choice for identifying dark energy, it suffers from several shortcomings
[7]. Because the cosmological constant is roughly speaking currently dominating the other components,
Eq. (1.2) gives its order of magnitude: Λ ∼ H20 . The corresponding energy density is Λ ∼ 10−47GeV4.
However, the vacuum energy density that can be estimated in quantum field theory is ρvac ∼ 1074GeV4.
Therefore, accounting the energy of vacuum for dark energy leads to an anomalous discrepancy of about
121 orders of magnitude [8]. Furthermore, there is another issue known as the coincidence problem
[9, 10]. According to Eq. (A.26), the energy density of matter dilutes as a−3 while the energy density
of the cosmological constant remains constant with the expansion by definition. The equality between






− 1 ≈ 0.3, (1.4)
leaving unexplained the reason why it is happening so recently since this would necessitate initial con-
ditions for the matter and dark energy densities intriguingly severe at the origin of time.
Rather than considering it constant, dynamical dark energy whose density varies with time would
appropriately address the cosmic coincidence issue [11]. Even though the very nature of dark energy is
unlikely to be unveiled, its time variation could logically ensure its observed abundance. The simplest
and model independent approach is to phenomenologically parametrise the equation of state with redshift
as reviewed in the next section.
1.2 Cosmological constant simplest alternative
The measurement of luminosity distances suggests that the expansion of the universe is currently
accelerating. Assuming that non-relativistic matter, in the form of baryons and dark matter, contributes
to the expansion with energy density ρm and no pressure, as well as dark energy with energy density
ρde and unknown pressure pde, the Raychaudhuri equation (A.19) gives the condition for the universe
acceleration to be satisfied by the dark energy equation of state parameter,










where w = pde/ρde. w > −1 corresponds to a dark energy component that slowly dilutes. w = −1
corresponds to a constant dark energy component identical to the cosmological constant.
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While we know that the dark energy equation of state must satisfy w < −1/3, there is no indication
on whether it is varying with time. To potentially disqualify the cosmological constant, it is appropriate
to parametrise the equation of state as a function of redshift z and confront it with astrophysical obser-
vations to estimate the values of the parameters. Based on a phenomenological approach, the simplest
parametrisation is linear and comes from Taylor expanding the function w(z) around z = 0 at first-order
with only two free parameters w0 and w1 [12],
w(z) = w0 + w1z. (1.6)
Being at first order, linear parametrisations are thus valid in the local universe only and should be con-
strained with local observation datasets. The function w(z) can be expanded to higher orders to extend
its validity yet at the expense of additional parameters. The shortcoming of these Taylor expansions lies
in the absence of ceiling for the value of the equation of state that continuously increases with redshift,
unsuitably going beyond +1 for large z. Alternatively, the w parametrisation can also be a function of
the scale factor [13, 14],




or number of e-folds N = ln a [15],
w(z) = w0 − w1 log(1 + z). (1.8)
A means to further extend the validity of the equation of state is to define a parametrisation stepwise
in redshift w(zi) = wi for every redshift bin zi, or equivalently for every scale factor bin ai [16]. It
allows dark energy to be differently parametrised during the successive universe domination by radiation
and matter,
w(a) = F1fr(a) + F2fm(a) + F3, (1.9)








, i = r,m. (1.10)
(ar, am) are the values of the scale factor at the times of transition and (∆r,∆m) the duration of transi-
tions. F1, F2 and F3 are constants that are set by imposing the values of the equation of state at radiation
domination, at matter domination and today. Stepwise parametrisation requires no less than seven pa-
rameters. Instead, it is possible, with a reduced number of parameters, to parametrise a scalar field called
quintessence that would be responsible for a dynamical dark energy component both in the early universe




Given the unknown nature of dark energy, it is natural to look into known physics to at least attempt
to describe its possible dynamics. Promising candidates are scalar fields because they already exist in
particle physics models. Although the Standard Model Higgs field is the only one detected so far in
Nature, it has been raising expectations on the existence of other fields [17]. Moreover, the current
acceleration can be compared to the inflationary period thought to be possibly sourced by a scalar field
in the primordial universe [18]. Yet even in the eventuality that they are not really responsible for the
acceleration of the Universe, the properties of the true model of dark energy may be described by a scalar
field [19].
2.1 Quintessence general description
Quintessence denotes a self-interacting scalar field weakly coupled to ordinary matter through grav-
ity, and playing the role of dark energy responsible for the accelerated expansion [20, 21]. It varies with
time and thus carries kinetic energy. Also, a potential energy density V (φ), that should be specified
to completely define the model, is associated with each value of the field. Quintessence can therefore





gµν∂µφ∂νφ− V (φ). (2.1)
Similarly to Eq. (A.11), the action of the cosmological model that includes quintessence along with an










+ SM , (2.2)
where SM is the matter action that depends on the metric gµν and all types of matter fields (radiation and
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Assuming that quintessence is spatially homogeneous, in accordance with the cosmological principle
(e.g. it is a function of time only), the tensor is that of a perfect fluid, as in Eq. (A.15), with the following




∂µφ∂µφ+ V (φ) =
1
2




∂µφ∂µφ− V (φ) =
1
2
φ̇2 − V (φ). (2.6)
The scalar field energy density is the sum of the kinetic energy density 12 φ̇
2 and the potential energy
density V (φ), whereas the pressure is the difference between the two. It follows that,
φ̇2 = ρφ + pφ = ρφ (1 + wφ) , (2.7)







2 − V (φ)
1
2 φ̇
2 + V (φ)
= 1− 2V (φ)
ρφ
. (2.8)
wφ can vary between the cosmological constant limit −1 when the scalar field is dominated by the
potential energy V (φ), and +1 when it is the kinetic energy φ̇2 that dominates.
By considering the flat FLRW metric (A.2) for the homogeneous and isotropic universe, the action














φ̇2 + (1 + wM ) ρM
]
. (2.10)
The equation of motion of the scalar field, called Klein-Gordon equation, can be derived by the variation
of the action (2.2),
φ̈+ 3Hφ̇+ V,φ = 0, (2.11)
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where the subscript φ stands for the derivative with respect to the scalar field. The potential plays the
role of a force acting on the scalar field through the term V,φ while the term Hφ̇ represents the friction
added by the expansion of the universe. The Klein-Gordon equation also derives from the quintessence
continuity equation when the scalar field is separately conserved,
ρ̇φ + 3H (ρφ + pφ) = ρ̇φ + 3Hφ̇
2 = 0. (2.12)
Using Eq. (2.7) and the dark energy density parameter Ωφ defined like in Eq. (A.22), the quintessence
equation of state is expressed by,




Finally, one can define an effective equation of state weff = ptotal/ρtotal for the whole cosmological fluid.








2.2 Scalar field parametrisation
Rather than parametrising the dark energy equation of state as usual, it is the scalar field evolu-
tion itself that we want to parametrise in the present work. We have seen in the previous section that
quintessence is defined by both the kinetic and potential terms. Usually in the literature, the analytic
form of the potential V (φ) is arbitrarily and explicitly assumed a priori, along with the requirement that
the field is slow-rolling for producing cosmic acceleration, e.g. in Ref. [22–28]. The latter assumption
implies a flat potential that commonly satisfies φ̇2  V (φ) in order to provide for a negative pressure of
the cosmological fluid when the scalar field dominates the matter content of the Universe. Moreover, to
produce a sustainable acceleration, the quintessence field is further assumed to satisfy |φ̈|  |3Hφ̇|.
Instead, here, we do not postulate any potential shape from the outset, nor any prior slow-rolling
conditions applying to the scalar field. We analytically derive the expression of the potential on the basis
of suitable scalar field parametrisations, with the intention to phenomenologically build and constrain
quintessence models as alternatives to the standard ΛCDM.
2.2.1 How to look for suitable parametrisations
Our starting point is the most general form the scalar field energy density can take, neglecting ra-
diation in a flat universe also composed of pressureless matter [29]. It considers the number of e-folds
N = ln a as the time variable,
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φ = φ (N) ⇒ φ̇ = Hφ′, (2.15)
where a prime denotes differentiation with respect to the number of e-folds, and φ is to be understood
for convenience as the dimensionless field φ → φ̂ = κφ. The latter convention is in line with the
structure of the equations in the Boltzmann code CLASS1 that we are using to numerically compute the
observational outputs of the cosmological models. In that code, the scalar field is given in units of the
reduced Planck mass Mp =
√
~c/8πG = κ−1 = 2.435 × 1018 GeV, and the prefactor 8πG/3 in the
Friedmann equation is conventionally absorbed in the units of density. In this context, we work in natural
units where κ = ~ = c = 1, for the rest of the document. Using the number of e-folds, the conservation












where ρm0 is today’s energy density of non-relativistic matter. By combining the two last equations, one










whose general solution, expressed in terms of quadratures with respect to φ′
2





















The question is whether there exists parametrisations of the scalar field that are suitable to derive
analytic expressions of the energy density ρφ from Eq. (2.19), and consequently of the potential V (φ)
itself. We present in what follows, two possibilities.
2.2.2 Exponential form: φ = φ0eεN
Let us try a parametrisation with a single parameter ε of the form,
φ = φ0e
εN = φ0a
ε ⇒ φ′ = εφ, (2.20)
which is subject to time symmetry by making ε → −ε. We therefore stick to positive values of the
parameter, bearing in mind that the opposite sign interchanges the past and future cosmological evolution.
1Cosmic Linear Anisotropy Solving System
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This parametrisation simplifies the analytic integrations in Eq. (2.19) thanks to a convenient change of























































































where we recognize the incomplete Gamma function Γ(s, x),∫
xs−1e−xdx = −Γ (s, x) . (2.26)
Coming back to Eq. (2.19), we finally find an analytic expression for the scalar field energy density,









)s Γ (s, x)
xs




which is illustrated in Figure 2.1. The energy density of the scalar field is not negligible in the early uni-
verse. It dilutes with time, down until freezing in the late universe, mimicking a cosmological constant.
It though resumes to dramatically dilute in the future.
With regards to the dark energy equation of state, we obtain from Eq. (2.13),


















whose today’s value is,




























Figure 2.1: Energy density of the scalar field in the exponential parametrisation. The plot is based on the
analytic expression (2.27) for Ωφ0 = 0.68 and φ0 = 1.
When ε → 0, the cosmological constant is recovered, and the parameter ε should be small enough to
match the observed value of w0 ∼ −1. Since the Universe is currently accelerating, today’s effective









Let us study the limits of wφ. In the past, N → −∞, φ → 0 and x → 0. The incomplete Gamma
function simplifies into Γ(s,x)xs ∼ −1s , and the energy density becomes,





























and therefore, when N → −∞ and ε < 3/2, wφ → −23ε. In the future, N → +∞, φ → +∞ and

















In the limit N → +∞ and ε < 3/2, we obtain that wφ + 1 ∼ xsex, which implies wφ → −1.
However, we notice the existence of a divergence at a time in the future that depends on the value of
ε. The smaller ε the later it happens in Figure 2.2. The equation of state skyrockets beyond wφ = +1
once the pressure of the scalar field becomes larger than its decreasing density. The potential is obviously
becoming negative too. We can reconstruct it using Eq. (2.5),
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V (φ) = ρφ −
1
2
φ̇2 = ρφ −
1
2
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(a) Scalar field equation of state evolution












(b) Time of the divergence
Figure 2.2: Panel (a): Evolution of the quintessence equation of state with Ωφ0 = 0.68 and φ0 = 1
today, based on the analytic expression (2.27). It diverges at a time determined by the value of ε. Panel
(b): The divergence time is approximated by solving numerically the root of Eq. (2.33), e.g. N ∼ 3.90
for ε = 0.5.
The scalar field energy density even reaches negative values, ergo violating the weak energy con-
dition. As the pressure in the scalar field remains positive, the equation of state suddenly changes sign
and becomes negative again. When the scalar field energy density cancels with the energy density of
matter, the Hubble rate H vanishes according to the Friedmann equation (2.17), as well as the scalar
field kinetic energy, φ̇2 = H2φ′
2
= H2ε2φ2 = 0. Hence, at that time, ρm = −ρφ = pφ as shown in
Figure 2.3, wφ = −1 and ρ̇φ = ρ̇m = ȧ = 0 while ä ∝ −3ρm < 0. In the exponential parametrisa-
tion, the scale factor a grows up until a maximum and then decreases towards zero. In other words, the
universe expands until a turn around point prior collapsing into a Big Crunch [30]. Although it could
be worth further investigating this model, we decide to disregard the exponential parametrisation for the
time being given that it reduces to the linear and simpler form presented in the next subsection.
2.2.3 Linear form: φ− φ0 = λN
We now examine the simplest parametrisation which takes the form of a linear function of N , with
again a single parameter λ, already envisaged in Ref. [29],
φ− φ0 = λN, φ′ = λ, φ′′ = 0. (2.36)
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(a) Future evolution of the scalar field
















(b) Zoom in the turn-around
Figure 2.3: Panel (a): The pressure in the scalar field becomes larger than its energy density around
N ∼ 3.2. The potential becomes negative at that time, allowing for wφ > +1. Panel (b): The scalar
field energy density vanishes around N ∼ 3.9 provoking the divergence of wφ → +∞. The three curves
intersect at the turn around that takes place at N ∼ 4.04 when ȧ = 0. The shaded area represents the
excluded region as this universe begins to contract backwards towards a Big Crunch. In both panels,
ε = 0.5, Ωφ0 = 0.68 and φ0 = 1.
This corresponds to a scalar field evolving logarithmically in time. It relates to the previous parametrisa-
tion in the limit that ε 1 for which eεN ∼ εN + 1. As there exists a symmetry with regards to the sign
of λ by changing the sign of φ→ −φ, we decide to explore the linear parametrisation with λ > 0.























According to Eq. (2.17), the expansion of the universe is affected by the presence of the scalar field














Although the present parametrisation is also obtained following a linear approximation, it is not
comparable with the linear parametrisation of the equation of state seen in Section 1.2. Its domain of
validity is wider, not being limited to the local universe. Using Eq. (2.13), the equation of state becomes,











and today’s value, w0 = −1+ λ
2
3Ωφ0














It is bound by the following limits: In the past, wφ → 0, restricted to the matter dominated era, and in
the future, N → +∞⇒ wφ → −1 + λ
2
3 .
Finally, the analytic expression of the scalar field potential was reconstructed in Ref. [29] as well.
According to Eq. (2.5), the scalar field potential can be found with,
V (φ) = ρφ −
1
2
φ̇2 = ρφ −
1
2




where H2 is given in Eq. (2.39). Substituting Eq. (2.37) into the above equation with N = (φ− φ0)/λ,
it was obtained the following potential of the self-interacting scalar field,



















with ρ0 today’s critical energy density. When λ→ 0, then the standard ΛCDM model is recovered. The
background module of the existing Boltzmann code CLASS does not provide for this potential. We have
to modify the code to implement Eq. (2.43), which is numerically plotted in Figure 2.4.
In the rest of the document, we call this model λCDM since the only difference with the standard
one concerns the parametrised scalar field replacing the cosmological constant with the extra parameter
λ. We will be statistically constraining it in Chapter 3 on the basis of cosmological and astrophysical
observations. But first, in the next section, we use our modified version of CLASS to compute the
cosmological background evolution of this model in order to confirm its viability and assess the expected
parameter values range. The numerical results take also account of radiation and we assume Planck 2018
cosmological reference parameters in a spatially flat universe [5].
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Figure 2.4: Potential energy in the linear parametrisation, computed with our modified CLASS code
on the basis of Planck 2018 cosmological reference parameters [5]. The shallow part of the potential
provides for the slow-rolling of the scalar field, enabling cosmic acceleration at late times. While the
variation of φ is small over cosmic history, the potential varies by many orders of magnitude.
2.3 Background evolution: scaling regime and late-time acceleration
The particular appeal of the λCDM model lies in its apparent ability to address the cosmic coinci-
dence problem by replacing the unnatural tuning of parameters with a dynamical behaviour. Exponential
potentials of the type V (φ) ∝ e− 3λφ trigger exact scaling solutions that allow quintessence and matter
fractional energy densities to be nowadays of the same order of magnitude, almost irrespectively of the
initial conditions [31]. The scalar field energy density continuously scales with the total background
energy density as the universe expands, be it dominated by radiation or matter. Therefore, it will neces-
sarily approach the matter energy density as time goes by, as the ratios Ωφ/Ωr and Ωφ/Ωm are constant
during the subsequent radiation and matter dominated epochs. These scaling solutions emerge from at-
tractors of the dynamical system composed of the Klein-Gordon and Friedmann equations. As depicted
in Figure 2.5, at the outset, deep in the radiation period, the equation of state parameter is frozen with
wφ = −1 as the potential energy prevails over kinetic energy. Later, following an oscillatory transient
period prior reaching the attractor, the scalar field equation of state is conform to the asymptotic trajec-
tory in the phase space of the dynamical system: wφ = 1/3 during radiation domination and wφ = 0
during matter domination.
The attractor is stable whenever (3/λ)2 > 3(1 + wφ), i.e. λ2 < 9/4 for radiation and λ2 < 3





(1 + wφ), weff = wφ. (2.46)






























(b) Zoom in at lower redshift
Figure 2.5: Computed numerically for a selection of λ and vanishing φ̇i at initial time. Panel (a):
The vertical dotted lines in orange respectively represent from left to right the times of matter-radiation
equality, decoupling and matter-dark energy transition. Panel (b): The model allows for a large span of
wφ evolution determined by λ.
density is unable to catch up with that of matter. The exponential potential with this slope is too steep to
prompt the attractor that permits late-time acceleration. In contrast, the existence of a second exponential
shallow enough to slow-down the movement of the scalar field leads to an exit from the scaling regime
towards the attractor consisting in a scalar field dominated universe at late times [32]. Despite that the
late acceleration is unavoidable, the model offers a diversity of dark energy dynamics that only depend
on the value of the parameter λ, as displayed in Figure 2.5.
In summary, with the potential V (φ) = Ae−
3
λ
φ + Be−λφ, the energy in the scalar field is provi-
sionally captured in the scaling regime of the dominant component, driven by the first exponential term
with the higher slope e−
3
λ
φ, for a large range of initial conditions. Once the second exponential term
e−λφ takes the lead, the energy in the scalar field freezes and resembles a cosmological constant (see
Figure 2.6). Given that matter continues to dilute as a−3, the scalar field becomes dominant, naturally
leading to the current repartition of energy densities. Eventually, in the end it entirely fills a near de
Sitter universe dominated by the potential. At this future time, the equation of state is wφ = −1 + λ
2
3
with wφ → −1 for small values of λ. Cosmic acceleration is realized whenever wφ < −1/3. Therefore,
the slope of the exponentials must satisfy |λ| <
√
2. As we have evidence that the Universe is already
accelerating, the current effective equation of state also satisfies weff = w0Ωφ0 < −1/3 according to
Eq. (2.14). With Eq. (2.40), we find the following conditions,
|λ| <
√




Moreover, there exists another theoretical bound on λ due to the existence of a ceiling for the early dark
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(b) Background evolution of the fractional energy densities
Figure 2.6: Panel (a): The vertical dotted lines in orange represent from left to right the times of matter-
radiation equality, at which the background energy density ∼ 10−37GeV4, decoupling and matter-dark
energy transition when ρφ0 ∼ 10−47GeV4. Panel (b): While early dark energy is not negligible, it is
capped by a ceiling imposed by BBN, depicted by the horizontal green segment corresponding to the
tighter bound in Eq. (2.48).
Nucleosynthesis (BBN) epoch around z ∼ 4 × 108, when the temperature of the Universe is about 1
MeV, is capped by Ωφ < 0.045 at 2σ [33]. Otherwise, the production of primordial elements, partic-
ularly Hydrogen and Helium, is perturbed and contradicts the observation of their current abundance
in the Universe. Since the radiation attractor is reached before primordial nucleosynthesis, we find the




λ2 < 0.045 ⇒ |λ| < 3
2
√
0.045 ∼ 0.318. (2.48)
The more conservative bounds Ωφ < 0.13−0.2 also envisaged in [34] respectively relaxes the constraint
to |λ| ∼ 0.54 and |λ| ∼ 0.67.
In the limit λ→ 0, the model is indistinguishable from ΛCDM and the early time dark energy abun-
dance vanishes. The latter increases with increasing values of λ during radiation and matter domination.
The abundance of radiation and matter decreases in the same proportion. Therefore, there is no change









As far as the time of transition between matter and dark energy is concerned, the λCDM model has




















































(b) Background evolution of the comoving Hubble parameter
Figure 2.7: Panel (a): The time of transition in λCDM (computed analytically) is close to that of the
standard model: z ∼ 0.3 (horizontal dotted line), except for higher values of λ. Panel (b): Comoving
Hubble parameter as a function of redshift, computed with our modified CLASS code on the basis of
Planck 2018 cosmological parameters results [5]. The minimum corresponds to the onset of acceleration
at z ∼ 0.6.
















λ2 − 3 + 1
)]
, (2.51)
we obtain the redshift at the transition zφ = −1 + e−Nφ ,
zφ = −1 +
[
λ2 − 3Ωφ0




whose analytic plot in Figure 2.7 shows that it remains close to that in ΛCDM for the aforementioned
acceptable values of λ.
The λCDM cosmological model appears to be viable in terms of the background evolution and is
compatible with the current acceleration period as shown by the evolution of the conformal Hubble
parameter plotted in Figure 2.7. In this respect, the parametrisation of the scalar field appears to be a
realistic alternative to the standard model in reproducing the Universe expansion history. The difference
is that dark energy is not negligible in the early times, although in quantity bound by the primordial
nucleosynthesis. The merit of our quintessence model lies in the dynamics of the scalar field that attract
the Universe towards its current acceleration for a wide range of initial conditions. Moreover, with only
one additional parameter λ, the model allows for a large variety of possible evolution of the dark energy
equation of state wφ while maintaining it bound at high redshift.
Besides the homogeneous background at zero order, we are now studying in the next section how the
parameter λ influences the growth of matter perturbations at first order.
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2.4 Cosmological perturbations in λCDM
2.4.1 Linear perturbation theory
(a) Metric perturbations
According to the standard cosmological model, the primordial universe, albeit highly uniform, con-
tained small inhomogeneities that have been evolving via gravitational instability. After the matter-
radiation equality, the radiation pressure could not resist the gravitational pull any more and the inho-
mogeneities of pressureless matter have been growing, particularly the dominant cold dark matter com-
ponent. Overdense regions become more overdense as time goes by. The inhomogeneities eventually
become non linear and undergo gravitational collapse that brings forth the large scale structures observed
today in the universe such as filaments, clusters and galaxies.
The evolution of the primordial fluctuations in the cosmological fluid within an expanding FLRW
universe can be studied by the linear perturbation theory as long as the perturbations to the homogeneous
background are small enough [35]. The inhomogeneities in the density field produce a change in the
metric that also becomes inhomogeneous. Like any physical quantities, the universe spacetime metric
can be expanded into spatial average and small linear perturbations,
gµν(~x, t) = ḡµν(t) + δgµν(~x, t), (2.53)
where ḡµν(t) represents the background metric in the inhomogeneous universe and ~x is a comoving






In order to perturb the 10 components of the background metric, the symmetric metric perturbation can




−2Adτ2 + 2Bidxidτ + hijdxidxj
)
, (2.55)
parametrising the 10 degrees of freedom. They are represented by functions of space and time. In the
time component, the scalar field A(~x, τ) is called lapse function. In the cross time-space component,
the 3-vector field Bi(~x, τ) is called shift vector. The rank-2 symmetric tensor field hij(~x, τ) corresponds
to the 6 components of the perturbations spatial part. The Euclidian trace of the spatial perturbation is
noted h ≡ hii = δijhij . At linear order, the metric of the inhomogeneous universe is thus,
ds2 = a2(τ)
[
− (1 + 2A) dτ2 + 2Bidxidτ + (δij + hij) dxidxj
]
. (2.56)
The inverse of the metric is given by,
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gµν = ḡµν + δgµν , δgµν = −ḡµσ ḡνλδgσλ. (2.57)
The perturbations are conveniently decomposed into a set of independent scalar, vector and tensor com-
ponents (called SVT decomposition). Given that the SVT components do not couple at first order, they
evolve independently of each other. This feature allows them to be treated separately. The whole evolu-
tion of the full perturbation is then a simple linear superposition of the evolution of the independent SVT
components. The 3-vector field Bi is divided into two parts: a curl-free vector as the gradient of a given
scalar field B, and a divergenceless vector∇.B̄ = 0,
Bi = B;i + B̄i. (2.58)
Similarly, the rank-2 symmetric tensor hij is decomposed into a scalar componentC that carries the trace
of the spatial metric perturbation (C = −h/6) and a symmetric and traceless perturbation tensor Eij ,
hij = −2Cδij + 2Eij , (2.59)
that can in turn be divided into a scalar component E, a divergenceless vector Ei and a divergenceless








E + Ē(i;j) + Ēij , ∇.Ē = 0. (2.60)
Finally, it is usual to define a new scalar ψ called curvature perturbation that combines the 2 scalar
components of the tensor (trace and Laplacian),






















The vector mode (the second term) of the perturbed metric decays with the expansion and the tensor
perturbations (the third term) are gravitational waves. In the present analysis, we thus restrict ourselves
to the scalar perturbations (the first term) that are those that involve density and pressure perturbations.
Furthermore, in the following, we derive the equations of the linear perturbations for the cold dark matter
δc and the scalar field ϕ that give their time evolution in the synchronous gauge. A gauge is a way of
slicing the spacetime in equal-time hypersurfaces on which the perturbations vary. Fixing the gauge is to
impose a restriction that fixes the time slicing, yet genuine observable quantities are gauge independent.
In the synchronous gauge, the perturbations are only in the space part of the metric. It is defined by
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imposing that δg00 = δg0i = 0, and thus A = Bi = 0. Since the shift vector vanishes, the threads (1D
timelike curves defined by constant xi) are orthogonal to the slices (constant τ ). In that gauge, the scalar
component of the inhomogeneous line element reduces to,
ds2 = a2(τ)
[












From now on, we choose to adopt CLASS notation that respects Ref. [37] to ease the modifications of
the code,
h = −6C = hii, η = ψ = C +
1
3
∇2E, µ = 2E. (2.65)
It follows from Eq. (2.59) that the scalar mode of the spatial perturbations metric can be rewritten as,
hij (~x, τ) =
1
3







µ (~x, τ) . (2.66)
In Ref. [37] one works in Fourier space2, where Eqs. (2.65) imply that,
µ = −6η − h, (2.67)
and using Eq. (2.66), one obtains the scalar mode of the perturbations metric hij(~k, τ) in terms of the













−6η(~k, τ)− h(~k, τ)
]








where ~k = kk̂. Finally, one obtains a parametrisation of the synchronous metric perturbations in coordi-
nate space like in Ref. [37],



















By computing the perturbed Einstein tensor defined in Eq. (A.9) in the synchronous gauge in Fourier
space, we obtain the two components that are relevant for our analysis in the Newtonian limit,
δG00 = a
−2(2k2ψ + 6HĊ) = a−2(2k2η −Hḣ), (2.70)
δGii = a
−2(6C̈ + 2k2ψ + 12HĊ) = a−2(−ḧ+ 2k2η − 2Hḣ). (2.71)













applying to the scalar component E.
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The dot denotes the derivation with respect to conformal time: a Fourier mode of physical wavelength
2π
k a crosses the Hubble radius, rH =
1




(b) Fluid and scalar field perturbations
For the perturbations in the cosmological fluid, the dimensionless density contrast δi (or excess func-









The density contrast measures the deviation of the field ρi(~x, t) from the mean density in the Universe
ρ̄i(t) = 〈ρi(~x, t)〉 which coincides with the unperturbed background density. The perturbations of the
corresponding pressure field are defined as,
δpi(~x, t) = pi(~x, t)− p̄i(t). (2.74)
Similarly, noting ϕ = δφ, the perturbations of the scalar field are,
ϕ = φ(~x, t)− φ̄(t). (2.75)
Perturbations are said to be small when δi < 1, δpi/p̄i < 1 and ϕ/φ̄ < 1.
The perturbed metric is sourced by a perturbed fluid whose energy-momentum tensor can be ex-
panded from the background T̄ νµ defined in Eq. (A.15),






µ = (δρ+ δp) ū
µūν + δp g
ν
µ + (ρ̄+ p̄)(δuν ū
µ + δuµūν), (2.76)
where we have neglected the contribution from anisotropic stress and heat conduction. δuµ is the four-
velocity perturbation in the perturbed metric,
uµ = ūµ + δuµ, uµu
µ = −1 ūµ = (−a, 0). (2.77)
Noting that δui ≡ vi/a, where vi ≡ dxi/dτ is the peculiar velocity of the fluid with respect to the
expansion, the velocity perturbation takes the following form in the synchronous gauge,
δuµ = a−1(0, vi), δuµ = a(0, vi), (2.78)
and the vector vi can also be decomposed into a scalar part and vectorial part4. Inserting Eq. (2.78) into
3 We will be using the indices γ, b, c and φ respectively for photons, baryons, cold dark matter and the scalar field.
4 The scalar part in the decomposition of the velocity vector is defined by vj = −v,j which becomes −i kjk v by convention
in Fourier space as in Ref. [38].
21
Eq. (2.76) one obtains,









 −δρ (ρ̄+ p̄)vi
−(ρ̄+ p̄)vi δpδij
 . (2.79)








Since we are discussing the perturbations after decoupling, we assume that the content of the universe
is dominated by a barotropic pressureless fluid and the scalar field, both of them approximated by a
perfect fluid, in consistency with Ref. [29]. In addition, baryons are neglected as they only constitute a
small proportion of the whole matter fluid. They will not make a difference in the present analysis of
the λCDM model behaviour at the linear perturbation level. This is indeed a fair approximation because
the formation of large scale structure originated mainly from cold dark matter perturbations. The baryon
growth was suppressed for a long time during the matter-plasma epoch since they were tightly coupled
to photons exercising a radiation pressure that overwhelmed gravity.









Therefore, in our model the relevant components of the perturbed energy-momentum tensor are,

















(c) Equations of motion of the perturbations
It is now possible to solve the perturbed Einstein field equations, writing the first-order separately, as
the zeroth-order part corresponds to the background evolution,
δGνµ = κ
2δT νµ , κ
2 ≡ 8πG = 1. (2.85)
The time-time and trace space-space components give two independent equations,
2k2η −Hḣ = −
(










in Fourier space5. The first equation is the Hamiltonian constraint involving the density fluctuations. It is
a relativistic Poisson equation that corresponds to the background Friedmann equation. The second one
is the pressure constraint. The corresponding background equation is the Raychaudhuri equation. Their
combination gives the equation of motion for the evolution of the perturbations metric trace,





It is worthwhile noting that there are two additional equations relating to the metric perturbations. They
stem from the resolution of the other Einstein field components and respectively involve velocity and













− 2k2η = 0, (2.90)
where the latter is the sheer-free version. They are not useful for the approximation in the Newtonian
limit that we are to analyse later in the present chapter, yet the numerical Boltzmann code incorporates
Eq. (2.90) along with radiation and baryons.
Besides, the conservation of energy-momentum ∇µTµν = 0 provides for the equations of motion
of the fluid perturbations. We will work them out in detail below since they are the ones that will be
impacted by the coupling with dark matter explored in Chapter 4. Here, in the absence of interaction
between cosmological species, the conservation applies to the individual stress-energy tensor. At first
order in the perturbations we have [39],
δ(∇µTµν ) = 0
= δ (∂µT
µ
ν )− Γ̄ανµδTµα + Γ̄µαµδTαν − δΓανµT̄µα + δΓµαµT̄αν . (2.91)
The components ν = 0 and ν = i give respectively the continuity and Euler equations, using the
Christofell symbols of the background metric Γ̄ in Eq. (A.13) and those scalar components of the per-
turbed affine connections,
δΓ000 = 0, δΓ
0






Since cold dark matter is composed of particles with low thermal velocities, it can be considered pres-
sureless. Putting p̄ = δp = 0 in Eq. (2.79), and noting the velocity divergence θ ≡ ∂jvj = ikjvj = kv,
the component ν = 0 yields,
˙δρc + ρ̄cθc + 3Hδρc +
1
2
ḣρ̄c = 0. (2.93)
5δc is to be understood as δc(~k, t), dropping the under-script k.
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As ˙δρc = ˙̄ρcδc + ρ̄cδ̇c, and ˙̄ρc = −3Hρ̄c according to Eq. (A.21), the continuity equation of the cold
dark matter perturbation reads,




The presence of the metric perturbation in the continuity equation of cold dark matter accounts for the
gravitational interaction. Similarly, the component ν = i yields,
ρ̄cv̇i + ˙̄ρcvi − 0 + 4Hρ̄cvi − 0 + 0 = 0, (2.95)
and by taking the divergence, one obtains,
ρ̄cθ̇c + ˙̄ρcθc + 4Hρ̄cθc = 0. (2.96)
By plugging ˙̄ρc = −3Hρ̄c into it, the Euler equation reads,
θ̇c +Hθc = 0. (2.97)
Moreover, the choice of the initial timelike hypersurface is arbitrary in the synchronous gauge, leaving a
residual degree of freedom. An additional condition should be imposed to completely fix the gauge. It is
usual to set θc(k, τini) = 0 as in CLASS which saves one equation: since θc = 0 at all times according
to Eq. (2.97), h can be obtained by integrating Eq. (2.94). The synchronous gauge is therefore comoving
with cold dark matter.
As regards the scalar field, the linearised equation of motion for the quintessence fluctuation ϕ is also
obtained with the component ν = 0 of Eq. (2.91),






























+ V,φϕ̇+ φ̇V,φφϕ. (2.99)
Further using the Klein-Gordon Eq. (2.11) in conformal time, one obtains the perturbed Klein-Gordon





















2.4.2 Full numerical results and analytic approximation in the Newtonian limit
It is not necessary to modify the code of the CLASS perturbations module to get numerical results.
The version publicly available already implements an uncoupled scalar field in a generic way, contrary
to the background module that we had to adapt to our specific potential. We use it to numerically solve
the full set of perturbation equations, by duly evolving every cosmological species in the real universe
(photons, neutrinos, baryons, dark matter and scalar field), on the basis of adiabatic initial conditions.
In particular, we numerically compute the evolution of the dark matter fluctuation δc and compare it
with the asymptotic expressions that we derive below in the Newtonian limit for the periods respectively
dominated by matter and dark energy.
The initial relative amplitudes of the various species are given by thermodynamic considerations
in the primordial universe. By considering that the temperature changes in a way that heat transfer is
compensating entropy, the conservation of entropy imposes that the density perturbations are related to







and, by applying the energy conservation (A.21) to dark matter, baryons and photons, the initial condi-
tions read [37],




As for the scalar field, vanishing initial perturbations are imposed since quintessence should reach the
attractor soon enough. CLASS sets the initial conditions as a truncated series in powers of conformal
time to the orderO(k3τ3). The comoving scales that are observable today (through the CMB anisotropy
or matter power spectra) were all beyond the Hubble radius in the radiation-dominated era. Their cor-
responding perturbations are free from small scales interactions and reflect the original fluctuations that
grew with inflation according to the standard cosmological model. On super-horizon-sizes, H ∝ 1/τ
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since a ∝ τ2. Therefore kτ  1 corresponds to the super-horizon limit. In CLASS, the adiabatic initial






















This is valid at leading order in kτ and ωτ . It relates to the leading order kτ in Ref. [37] by normal-
izing the arbitrary dimensionless constant C = 1/2 = R/2, where R is the initial spatial curvature
perturbation which is conserved on super-Hubble scales and used to fix adiabatic initial conditions.
As illustrated in Figure 2.8, the evolution of dark matter perturbations, computed with CLASS, de-
celerates with increasing values of the parameter λ compared to ΛCDM. This is clearly perceptible on
smaller scales in the Newtonian limit, as in Ref. [40]: it is on the sub-horizon scales in the matter era
that the evolution of the perturbations is essentially different from a scalar free universe. Our numerical
results are in line with the analytic expression of the equation of motion for the dark matter density con-










In the limit of small scales within the Hubble horizon, k  H, the derivatives of ϕ and the potential term
can be neglected in Eq. (2.100) as in Ref. [41], which brings us to,
k2ϕ− δ̇cφ̇ = 0, (2.107)





as φ′ = λ. Substituting into Eq. (2.106) and neglecting H
2
k2
 1, as well as the derivative of ϕ and the











H2 δc = 0. (2.109)































































5 ×104 k = 1.0
Figure 2.8: λCDM cosmological evolution of dark matter fluctuations during matter era for various
scales in [hMpc−1], computed with our modified CLASS code on the basis of Planck 2018 cosmological
parameters results [5]. The initial conditions are adiabatic with R = 1 normalization. The model
suppresses the growth of perturbations that are significantly affected by increasing λ on smaller scales.
where, according to Eq. (2.40),



























Finally, we obtain the general expression of the evolution equation for the dark matter density contrast,




















δc = 0, (2.114)
where the expression of the dark energy equation of state wφ is given in Eq. (2.41). Both the friction
term (the second one called Hubble drag working against the growth) and the dynamical term (the third
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one representing the gravity pull) are affected by the presence of early dark energy. We are going now to
asymptotically derive analytic solutions in the limit of the deep matter dominated epoch, as well as when
dark energy dominates. We will be able to compare them with the growth rate obtained numerically with
CLASS.












δc = 0. (2.115)
Whereas the Hubble drag is identical to the standard term during the matter dominated epoch (weff = 0 in
both models), the gravitational pull is different. In the ΛCDM model, the dynamical term is sourced with
Ωc ∼ 1 all along the matter epoch, up until the universe begins to accelerate. For the quintessence model
in the matter era, the potential well is comparatively decreased due to the scalar field kinetic energy.
Therefore, in comparison with the standard cosmological model, in which the sub-Hubble scales grow at
the same rate as the background expansion, the presence of early dark energy slackens off the growth of
dark matter perturbations. The effect becomes significant for high values of λ. Assuming a power-law




























The damping solution is uninteresting as it becomes negligible with respect to the growing mode. When
λ = 0, the standard ΛCDM model is retrieved, in which m+ = 1 and δc ∝ a. We necessarily have
0 < m+ < 1 given that |λ| <
√
2 to allow for cosmic acceleration. This means that the perturbations
do grow, but at a slower pace due to the existence of the scalar field. In order to emphasize the deviation
from the standard rate, it is common to define the growth parameter f as,
f ≡ d ln δ
dN




which is plotted in Figure 2.9 on a small scale from the numerical results computed with CLASS. These
results are coherent with the approximation of the growth rate given by the analytic expression of (2.117)
as we can see that indeed f ∼ m+ in the late matter era.
At later times, beyond the domination of matter when the expansion of the universe begins to ac-
celerate, both models have the same behaviour. The dark energy density freezes once the second expo-


















Figure 2.9: The growth rate function f = δ′c/δc of the dark matter fluctuation is numerically computed
with our modified CLASS code on the basis of Planck 2018 cosmological parameters results [5]. The
scale considered is k = 0.1 h Mpc−1, around matter-radiation equality. In the deep matter era, after a
transient period, the growth parameter f ∼ m+ is in line with the analytic and approximated expression
of the growth rate derived in Eq. (2.117).
wφ ∼ −1 + λ2/3, pulling further down the gravitational source term which quickly fades out. For







δ′c = 0, (2.119)
whose general solution is composed of a constant mode and a swiftly decaying mode because |λ| < 2,








The standard case with a cosmological constant is retrieved when λ = 0, i.e. δc ∝ a−2. During
quintessence domination, the growth of perturbations stops, f → 0: the density contrast of dark matter
freezes at a constant value as shown by Eq. (2.120).
The evolution of the dark matter density contrast differs from ΛCDM, depending on the value of λ.
The existence of the scalar field suppresses the subhorizon growing mode, thus also suppresses structure
formation. In the next chapter, we will be seeing whether the parametrisation gives reliable predictions




Observational constraints on λCDM
3.1 Effects on observable quantities
3.1.1 Redshift-luminosity distance relation
The luminosity distance numerically computed with CLASS can be confronted with SNIa brightness
observations, as exemplified in Figure 3.1 with the Pantheon sample [42]. SNIa can be considered
as standard candles that have fixed absolute magnitude inferred by the observation of their luminosity
decay rate. They therefore can be used to probe the luminosity distance as a function of redshift using
the distance modulus µ defined by,
µ = m−M = 5 log(dL) + 25, (3.1)
where m and M are respectively the apparent and absolute magnitudes of the supernova, and dL is the
luminosity distance (A.8) measured in Megaparsec. The most distant supernovae are located in remote
regions where relativistic corrections to the Euclidian space are important. In the λCDM model, the






















Parameter λ influences the Hubble expansion in the model, and we can see in Figure 3.1 that a broad
range of values is able to reproduce the shape of the observed redshift - luminosity distance relation,
thus reproducing very well the cosmic evolution of the standard ΛCDM background. On the other hand,
we can also conclude that the magnitude does not exhibit a strong dependence on λ. Its effect is almost




























Figure 3.1: Top panel: Comparison between supernova brightness observations from the Pantheon sam-
ple data points (plotted in orange) and luminosity distance computed with our modified CLASS code
on the basis of Planck 2018 cosmological parameters results [5]. Bottom panel: Relative deviation
from ΛCDM. We note that acceptable values of λ are not making significant deviation from the stan-
dard redshift-luminosity distance relation. The λCDM model reproduces noticeably well the expansion
history of the universe background.
magnitude may help constrain λ by confronting the luminosity distance predicted by the model with the
observations.
3.1.2 Linear matter power spectrum
(a) Matter power spectrum as indicator of structure formation
Matter distribution in the Universe can be quantified by measuring the correlation function or the
power spectrum of observed galaxies. The observed structure forms from the quantum fluctuations in
the energy density field that existed in the early universe. Inflation produced from quantum fluctuations
a field of macroscopic primordial perturbations that is thus a statistical realization of initial conditions.
Since the fluctuations are the result of a stochastic process, the density at any point, and also at any mo-
ment, obeys a distribution of probability. The resulting density contrast δ is therefore a stochastic field
that follows a probability distribution at any time, which we assume Gaussian. It is fully specified by
the n-point correlation functions. For instance, the two-point correlation function is defined by the prob-
ability distribution function ξ averaged over an ensemble of possible universes ξ(~x, ~x′) ≡ 〈δ(~x)δ(~x′)〉.
Assuming statistical homogeneity and isotropy, the one-point probability distribution function 〈δ(~x)〉 is
independent of ~x and the two-point correlation function is invariant under spatial translations and ro-
tations. It only depends on the distance between the two points considered r = |~x − ~x′|. Therefore,
32
ξ(r) = 〈δ(~x)δ(~x+ ~r)〉.
Given the impossibility to compare our Universe with others, the probability distribution functions
are instead estimated with spatial averages over large volumes under the ergodic hypothesis. It assumes
that the Universe is a representative volume that includes all possible realizations. Accordingly, 〈δ〉 = 0
and the appropriate quantities for characterizing the fluctuations become their variance and two-point
correlation function corresponding to the covariances. The two-point correlation function quantifies the
clustering of the density field, i.e. the degree of collapse. It is thus a good estimation for the formation of
structure. The correlation function can be measured by counting galaxy pairs and comparing it with the
number count in a random sample of mock galaxies. Several estimators of the correlation function do
exist. They are based on different comparison methods between the observations and the random sample.
Whereas the number density of galaxies traces the density contrast, the relation between the over-
density size and the correlation function is not exclusive. Instead of sizes based on separations between
points, the Fourier modes are used to define on the density field a group of independent characteris-
tic sizes (or scales) ~k with wavelengths 2π/k. The two-point correlation function is thus computed by
expanding the density contrast field in a Fourier series over a large and finite volume V that is conven-
tionally set to unity,
















〈|δk(~k, t)|2〉 e−i~k.~r d3k, (3.5)






where P (k, t) is called the power spectrum of the density perturbations, which is the Fourier transform
of the correlation function ξ(r, t). It is an indicator of structure formation as it gives the amplitude of
clustering as a function of independent characteristic scales represented by the set of Fourier modes. It
has dimensions of volume but can be redefined in the dimensionless power spectrum,
P(k, t) ≡ V
(2π)3










which is used to define the variance of the density contrast field per natural logarithm interval,






The clustering properties are observationally determined by the variance of number counts in cells. In
this case, a smooth density contrast is used as a convolution with a given (top-hat or Gaussian) window
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functionW (R, r) that swiftly vanishes beyond r > R. The corresponding variance of the smooth density




W 2(R, k)P(k, t)dk
k
. (3.9)
The scale R = 8 Mpc/h is of particular importance as it is the scale where today’s observed power
spectrum of dark matter has an amplitude close to 1, which is the boundary between linear and non-
linear scales. The value of σ8(z = 0) for a given cosmological model reflects the present clustering
level.
(b) Predicting the matter power spectrum
Large Scale Structure observations probe the power spectrum during matter or dark energy domi-
nation, when radiation is subdominant. They customary refer to the total density contrast of the non-











The power spectrum is also a quantity that can be theoretically computed from the linear perturbation
theory that gives the equations for the evolution of the density contrast in a given cosmological model,
as seen in Subsection 2.4.1. CLASS computes the linear matter power spectrum of the non-relativistic
matter density perturbations δm at a given redshift [43],






PR(k), PR(k) = As(k/k∗)ns−1. (3.11)
The function in brackets (called transfer function) accounts for the linear evolution of the perturbations,
irrespectively of the initial conditions. It depends onR which is the spatial curvature perturbation on an
initial comoving hypersurface, conserved on super-Hubble scales and normalized to R = 1. PR(k) is
the primordial power spectrum that represents the initial conditions for the Gaussian matter fluctuations
in the aftermath of inflation. It is as a power-law parametrised by an amplitude As, normalized at a pivot
scale k∗ ∼ 0.05 Mpc−1, and by a slope ns called spectral index giving the relative amplitudes between
scales. Instead of As, the amplitude of the matter power spectrum can be normalized by the root mean
square fluctuation σ8 on the scale of k = 2π/8 hMpc−1 at z = 0. As (or σ8) and ns are two additional
free parameters of the model that complement those three corresponding to the background evolution.
The relation between σ8 and As depends on the evolution of the power spectrum from early times to
z = 0, and hence it depends on all cosmological parameters. CLASS uses a shooting mechanism to
1δ is to be indifferently understood as δk(~k, t) or δ(~x, t) depending on the context, i.e. on whether the harmonic or real
space is considered.
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get σ8 by iteration as a derived parameter when it is the amplitude of the primordial spectrum As that is
assumed.
(c) Numerical results for the λCDM model
Figure 3.2 depicts the predictions for the linear matter power spectrum that we calculate with our
modified CLASS version. It illustrates how the parametrisation of the scalar field affects the computed
matter power spectrum. The overall shape is consistent with a typical ΛCDM scenario. The turn around
scale is about the wave-number keq that corresponds to the size of the horizon at the matter-radiation
equality, which remains the same in both the standard and the λCDM models. Using the Friedmann
equation (1.2) at the time of equality given in Eq. (2.49),















The location of the peak is sensitive to today’s abundance of matter Ωm0 , given that Ωr0 is a nearly fixed
quantity in the models at stake. For instance, larger Ωm0 entails a shorter radiation epoch, thus a shorter
Hubble radius at equality and the peak consequently would move to the larger k (smaller scales). Since
we have chosen the fiducial values of the ΛCDM parameters, the location is not affected by the existence
of the scalar field in the simulations.
The main difference with the standard model is due to the presence of early dark energy that reduces
the growth rate of fluctuations during matter domination, in consistency with the analysis of the previous
section. The reduction is independent of k for all sub-Hubble scales, leading to a suppression of power
beyond equality. The parameter λ thus affects the global amplitude of the matter power spectrum on
those scales. We expect less structure formation as illustrated by the lower values of σ8 in Table 3.1.
Table 3.1: Predicted σ8 values at z = 0 computed with our modified CLASS code on the basis of Planck
2018 cosmological parameters results [5], normalizing the amplitude of the primordial power spectrum








We find that the amplitude of the matter power spectrum is a signature of the λCDM model and
would discriminate it against the cosmological constant. It can be observationally measured through



































Figure 3.2: Linear matter power spectrum at redshift z = 0 in the λCDM model, predicted by our
modified CLASS code on the basis of Planck 2018 cosmological parameters results [5]. The overall
amplitude of the power spectrum pointedly goes down when dark energy increases, except for the largest
scales that are less impacted. In terms of growth amplitude parameters, we expect smaller predicted σ8.
Alternatively, the primordial perturbations amplitude As must be larger to account for today’s current
structures.
measure the power spectrum through cosmological observations with the CMB temperature anisotropies
map. We will be looking into the behaviour of the λCDM model with respect to the CMB in the next
subsection.
3.1.3 Cosmic Microwave Background anisotropies
The CMB is composed of those photons that were emitted at the epoch of recombination when the
Universe had a temperature of about 3, 000 K. Astrophysical sources began to emit additional photons
at reonization around z ∼ 10 − 20. Whereas the temperature fluctuations must be computed through
the full Einstein-Boltzmann formalism because the equations of the matter components are coupled to
each other, this subsection only aims to present the basics of the CMB physics. It will enable us to
qualitatively describe how the CMB anisotropies are affected by the presence of quintessence. We will
later confront the anisotropies predicted by the λCDM model with the Planck observations to infer and
constrain the cosmological parameters value.
(a) Origin of the anisotropies
After the primordial nucleosynthesis, the Universe was composed of an opaque plasma that essen-
tially consisted of relativistic photons and non-relativistic electrons, as well as Hydrogen and Helium
nuclei (in addition to decoupled relativistic neutrons). At the time, it was the electromagnetic interac-
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tions that ensured equilibrium among the plasma components. Photons were tightly coupled to electrons
through Thomson scattering. Carrying opposite charges, the electrons were tightly coupled to the baryons
through Coulomb scattering. Baryons and photons essentially interacted through gravitation, as well as
cold dark matter. The ionization of Hydrogen and Helium ensured the efficiency of the electromag-
netic interactions. While the Universe expanded, its temperature decreased and reached the threshold of
3, 000 K under which the scattering rate of these interactions was insufficient to maintain the plasma in
equilibrium. At that time (z ∼ 1080), electrons recombined with nuclei and given the paltry number of
free electrons with which to scatter, photons decoupled and began to free-stream through the Universe
which became transparent. The shape of the Planck spectrum of the radiation observed today on the
entire celestial sphere is frozen but redshifted by the expansion. The corresponding temperature is rel-
atively uniform. It reaches now Tγ ∼ 2.726 K which corresponds to millimetres wavelengths, and to
∼ 10 µm in the infrared at the time of emission.
There are though small fluctuations in the temperature across the sky in the order of 10−5. The
energy distribution, i.e. the temperature, of these photons is defined by their emission conditions that
depend on the plasma and dark matter inhomogeneities at the redshift of recombination. Therefore, the
anisotropy of the radiation detected today in a given direction reflects the inhomogeneities of the radiation
(or equivalently the baryons) on the corresponding point of emission from the last interactions. This is
why it is commonly said that the primordial radiation that is observed today is an imprint of the last
scattering surface at the beginning of the matter dominated epoch. The primary temperature anisotropies
have various contributions that can be modelled by three fields:
• The local gravitational potential Φ: Photons that suffered the last scattering from inside a potential
well (Φ < 0) experience a gravitational redshift by climbing out of it.
• The matter peculiar velocity v: Photons scattered by matter approaching us (v < 0) are blue-
shifted through Doppler effect.
• The fluid density fluctuation δ, which is the most important term: The temperature of photons
emitted from within an overdense region (δ > 0) is higher since overdensity regions are hotter.
Consequently, the equation of the temperature contrast can be expressed as,
δT
T
(r̂) = Φ (~r)− r̂.~v (~r) + 1
3
δ(~r), (3.13)
where ~r is the proper distance to the last scattering surface. The three fields Φ, ~v and δ take their value
at the recombination time (z ∼ 1080 and r ∼ 6000 h−1Mpc).
In order to confront the theoretical temperature contrast field with CMB observations, the tempera-
ture anisotropies are usually expanded on the celestial sphere on the basis of spherical harmonics Yml,
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Yml (θ, φ) = Ne







where Pml are the associated Legendre polynomials and l = π/θ[rad] are the multipole moments. The
















where dΩ is the solid angle element. Since inflation predicts that the temperature fluctuations field is
Gaussian, the anisotropies can be characterized by their angular correlation function. It is the angular
power spectrum of the temperature contrast CTTl , called the power spectrum of temperature anisotropies



















(b) Predicted CMB power spectrum
Figure 3.3 provides examples of predicted dimensionless temperature anisotropy angular power spec-
tra that we numerically compute with CLASS as an observational output for the λCDM and ΛCDM
theoretical models. It depicts the shape of the CMB spectrum in light of Eq. (3.13). The power spectra
are flat on large scales (the Sachs-Wolfe plateau) as the fluctuations of Φ, ~v and δ are frozen on angular
scales larger than the horizon at decoupling. On angular scales smaller than the sound horizon, l > 200,
the peaks are the result of the baryons and photons tight coupling fluctuations that oscillated acoustically
within the plasma before recombination. There is a cut off from l ∼ 1000 caused by the damping of
perturbations on small scales. This is due to the Silk damping and thickness effects that mix the photons
coming from different points inside the last scattering surface (not treated here).
We expect that the presence of the scalar field affects the peaks’ location, particularly the first and
dominant one. It corresponds to the largest scale with oscillations that reached maximum compression
at decoupling. Its location is given by the angular scale θ = π/la that depends on both the size of the
sound horizon at decoupling, rs(z∗), and the comoving angular diameter distance to the last scattering












































Figure 3.3: Top panel: CMB dimensionless angular power spectrum in the λCDM model, predicted by
our modified CLASS code on the basis of Planck 2018 cosmological parameters results [5]. Bottom
panel: Relative deviation from ΛCDM. Increasing values of λ enhance power on every scale. For the
smallest value in the figure, the model is almost indistinguishable from the standard one (deviations
< 5%).
where z∗ is the redshift at decoupling. The two effects are competing. On the one hand, the sound horizon








∼ 100 Mpc/h, (3.19)
where cs is the adiabatic sound velocity in the plasma with inhomogeneous pressure. It can be written

















Whereas the presence of the scalar field does not change the baryonic fraction nor the time of equality
given by Eq. (2.49), it affects the expansion rate which becomes larger as early dark energy density adds
to the total energy density during the radiation dominated epoch. As a consequence, quintessence slightly
decreases the size of the sound horizon at decoupling, slightly shifting the peak to smaller scales (to the
right). On the other hand, the comoving angular diameter distance to the CMB surface also depends on
the cosmic expansion history after decoupling,
























which is the formula valid for flat space, neglecting radiation. Since the Hubble expansion increases with
increased dark energy, the distance to the CMB surface decreases, as well as the respective multipole,
shifting the position of the first peak to larger scales (to the left). This effect dominates the first one given
the larger expansion history to date.
Moreover, the peaks’ amplitude are also sensitive to λ as a result of the Early-time Integrated Sachs-
Wolfe effect. As the universe expands and becomes increasingly dominated by matter, the gravitational
potential Φ decays. The time variation of the gravitational potential adds an extra Sachs-Wolfe contribu-




because the net gravitational shift is not null as the potential evolves during the time a photon takes
to cross it. Since the scalar metric perturbation acts as a gravitational potential, the Einstein equation
that relates the metric to a density perturbation is the comoving, perturbed and linearised Poisson-like
equation that reads,
∇2Φ = −k2Φ (τ, k) = 3
2
H2 (τ) Ωm (τ) δc (τ, k) . (3.23)
At the beginning of matter domination, it takes a while for the sub-sound horizon metric fluctuations to
freeze and the Early Integrated Sachs-Wolfe effect is maximal for scales crossing the sound horizon at
the time of decoupling. In our quintessence model, matter density is decreased with increasing λ due to
the presence of early dark energy at that epoch (see Figure 2.6). This enables the radiation to produce a
stronger contribution to the Sachs-Wolfe plateau that notably boosts even more the first peak. Later, deep
inside the matter domination epoch, Ωm ∼ 1, H ∝ a−1/2 and δc ∝ a imply that Φ ∼ constant from the
Poisson equation in ΛCDM. Conversely, in λCDM, since δ ∝ am+ wherem+ is given in Eq. (2.117), the
potential Φ is no longer constant and its time variation increases the temperature anisotropies following
the term in Eq. (3.22).
Finally, a similar effect happens during dark energy domination in the late Universe when the poten-
tial is again no longer constant, giving rise to the so called late-time Integrated Sachs-Wolfe effect that
tilts the plateau on large scales. The CMB photons that cross evolving potentials of large scale structures
are gaining energy while they get in, and loosing energy while escaping. When dark energy becomes
important, the potential decays over the time the photons go through the large scale structure. Their en-
ergy net balance is positive, increasing their temperature and hence enhancing the low-l tail of the CMB
power spectrum. However, as shown in Figure 3.3, the shape of the plateau on those large scales is only
moderately affected by the quintessence model against ΛCDM.
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3.1.4 Baryon Acoustic Oscillations
While the Baryon Acoustic Oscillations (BAO) is a feature that is detected in both the matter corre-
lation function and power spectrum, they are used to obtain constraints on the cosmological parameters
at background level. During the ionized plasma epoch, the tight coupling between the baryon fluid
(free electrons and nuclear particles) and photons before recombination prevented the growth of bary-
onic structures until the last scattering. It also produced baryon-photon acoustic oscillations that were
happening before photon decoupling. These oscillations called BAO are density waves travelling in the
baryon-photon plasma at sound speed. At decoupling, the sound speed vanished as the plasma dissolved,
and therefore the waves ceased. The latter left an overdensity of baryonic matter at the maximum distance
(called sound horizon) the wave could travel from the Big Bang to decoupling. In fact, the decoupling
of photons and baryons did not coincide. Given that they were outnumbered, the baryons were tracking
photon perturbations for a little while after photon decoupling, until a time known as baryon drag. After
the baryon drag time, during the transparency epoch, baryons collapsed into gravitational potential wells
since they did not undergo Thomson scattering and were hence not subject to radiation pressure any
longer. As two collisionless species subject only to gravity, the baryon perturbation eventually reached
equilibrium with cold dark matter, growing at the same pace. The baryon overdensity remained frozen
on the sound horizon scale at baryon drag, corresponding to the comoving scale defined in Eq. (3.19)









This acoustic feature is detected in both the matter correlation function and power spectrum. They
combine dark matter fluctuations with the small amplitude oscillation of the baryon fluctuations that
become imprinted in them. The overdensity thus appears as a single secondary peak in the matter corre-
lation function at the sound horizon distance. This means that there is an excess correlation around every
galaxy at a separation of 150 Mpc from it (in the concordance model). Since the sound wave propagated
isotropically in the primordial plasma, the peak can be measured at different 3-dimensional space direc-
tions. Being a standard ruler, we use the BAO peak as a geometric probe. Observationally, the angular
size is measured from the wave number where the peak appears. It provides for a measure of a quantity
called volume distance DV that combines angular and redshift separations, respectively orthogonal to
the line of sight (as the background evolution causes distortion in the transverse direction [44]) and along








where H is the Hubble rate in Eq. (2.39) and dA is the angular diameter distance defined in Eq. (A.7).
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We use BAO to constrain dA and H , and thus the background parameters of the model including λ.
3.2 CLASS-MontePython pipeline
So far, we have been estimating the observational signatures that the λCDM model could leave on
predicted observables, both at background and perturbations levels, and at low and high redshift. To
facilitate the direct comparison between models, and assess the sensitivity of the scalar field parametri-
sation, we normalized the numerical results by assuming the fiducial values for the ΛCDM parameters
at z = 0. They are thus likely inconsistent with observational data. This is why, we turn now our focus
on the observations themselves to statistically constrain the model, particularly λ which is key to our
parametrisation, by carrying-out a Monte Carlo Markov Chain analysis. We want to fit our theoretical
model of quintessence λCDM by finding the parameters values that best fit observation data, and their
corresponding uncertainties. To this end, we set up a pipeline interfacing the Boltzmann code Cosmic
Linear Anisotropy Solving System (CLASS) [45, 46] with the Monte Carlo code MontePython [47, 48]
to infer and constrain the cosmological parameters.
3.2.1 Computing predictions with CLASS
We use CLASS to compute cosmological observable quantities that are predicted by our theoretical
model which consists in a flat universe containing radiation, massless neutrinos, baryons, cold dark mat-
ter and our parametrised scalar field. It is a code programmed in C language that numerically evolves the
background and linear perturbation quantities. CLASS solves the full system of Einstein-Boltzmann cou-
pled equations for all cosmological species and for a large range of scales and scale factor. In particular,
it computes the density perturbations in the radiation-baryonic plasma and their time evolution to con-
struct the predicted linear Matter Power Spectrum and CMB angular power spectrum that we compare
with astrophysical and cosmological observations.
As far as quintessence is concerned, the publicly available versions of CLASS only provide for a
scalar field potential of the form V (φ) = [(φ−B)α +A] e−λφ, proposed in Ref. [49]. We therefore
must modify the source code to implement the double exponential potential (2.43) of the λCDM model.
The modifications concern the CLASS modules background.c, background.h and input.c, input.h. The
perturbation modules remain unchanged at this stage since the corresponding scalar field equations are
entirely valid for λCDM. These modules (as well as the background ones) will have to be modified at a
later stage to adapt them to the coupling with dark matter that we will be envisaging in Chapter 4.
42
It is always possible to renormalise the potential mass scalesA (2.44) andB (2.45) with today’s value
φ0 of the scalar field. We decided to fix φ0 = 0 in order to avoid numerical limitations related to using
exponentially large numbers during the computations. φ0 can be set to zero without loss of generality
because it is the relative field displacement which is relevant as regards the cosmological evolution, and
not today’s value that is just a matter of redefining the initial condition for φ. For the quintessence model
originally foreseen in the public code, CLASS imposes by default a hard coded shooting mechanism
to tune the initial conditions. In the case of our potential, we do not implement any shooting in order
to keep λ a free parameter. Given that we possess the analytic expression of the mass scales, it is not
necessary to numerically adjust them to today’s Friedmann constraints. We just slightly tune the initial
conditions of the scalar field φi in order to ensure that dark energy is sub-dominant at the outset of the
evolution. Our approach is consistent with Ref. [40] where the initial conditions are set in the aftermath
of inflation. The precise initial conditions are unimportant by virtue of the existence of attractor solutions
that are reached unavoidably, as described in Section 2.3. For the same reason, we decide to set φ̇i = 0.








, φ̇i = 0, (3.27)
where ρradi is the initial energy density of radiation and A is the mass scale of the dominant exponential
at the time. The scalar field thus enters the attractor during the radiation dominated era, before BBN. In
the present work, we limit ourselves to these initial conditions. It might be worth investigating further the
possibility of escaping the primordial nucleosynthesis constraint that applies to early dark energy models
by considering non-vanishing initial kinetic energy conditions. These would allow the scalar field to
reach the attractor in the matter era.
3.2.2 Bayesian inference with MontePython
(a) Bayesian estimation of cosmological parameters
In the Bayesian approach, the random variable is the vector of theoretical parameters for a given
cosmological model [50]. The vector is thus a set of unobserved variables which is subject to a proba-
bility distribution. The latter needs to be computed as a conditional probability given the observed data,
which is also considered as random variables. To this end, a joint probability P (m, d) is defined, where
d stands for the data (i.e the estimated physical property) and m for the model (i.e the values of the
parameters). The joint probability is the probability of the parameters value given the data. It satisfies
P (m, d) = P (m|d)P (d) and also P (m, d) = P (d|m)P (m). In this approach, the Bayesian Inference
hence considers two spaces: in the one hand, the data space where the random variables d live with the
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conditional probability P (d|m), and on the other hand, the parameter space where the random variables
m live with the conditional probability P (m|d). They are connected through the Bayes theorem that
states,
P (m|d) = P (d|m)P (m)
P (d)
, (3.28)
where P (m|d) is the distribution in the parameter space, called posterior distribution, which is our aim.
P (m) is called the prior. It corresponds to the probability of the parameters values and does not hinge on
the observations. The prior can have already been inferred through previous experiments or from inherent
properties of the model. P (d|m) is the distribution in data space and corresponds to the probability
of obtaining the data on the basis of the parameters values. Whereas the frequentist method studies
the properties of the data space, the Bayesian approach uses P (d|m) to deduce P (m|d). Moreover,
it assumes that the probability of the observation, considering a parameter value, is connected to the
likelihood of that value to occur. Therefore P (d|m) is called the likelihood L(m) of the parameters,
although this quantity lies in the data space. Finally, P (d) is the probability of the observation data aside





P (d|m)P (m) dm. (3.29)
It is therefore a normalization constant, yet it depends on the cosmological model itself. Its value, called
evidence, can be used as a criteria for comparing different models. The value of the evidence may be
renormalized to unity when a single model is considered.
As regards the data space, the measured data represents a sample of the distribution, the moments of
which can be computed. In general, for large amount of data, the full distribution should be Gaussian. As
regards the parameter space, the posterior can be computed from the likelihood using the Bayes theorem,
provided that the prior is known and the evidence is renormalized. Fitting a theoretical model consists
in identifying the posteriors that best fit the data. It requires us to find the set of parameters values that
minimize chi-square χ2, or equivalently maximize the likelihood, i.e. the probability of obtaining the
data assuming our model.
In order to estimate the parameters values, as well as their uncertainties, we seek to determine the
posterior distribution in the parameter space, by sampling it thanks to a Monte Carlo stochastic method
using the MontePython code.
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(b) MontePython parameter inference package
MontePython includes several algorithms to sample the parameter space as a group of points in the
same proportion as in the full distribution. We use the Markov Chain Monte Carlo (MCMC) algorithm
called Metropolis-Hastings that draws stochastic jumps in the parameter space from a Gaussian proposal
density used as an auxiliary distribution.
Each selected point in the parameter space is automatically passed to CLASS as an input of the cos-
mological model. On this basis, CLASS computes the related observable quantity (such as the luminosity
distance as a function of z) and passes it back to MontePython. The latter contains several datasets of
observations to compute the likelihood of the CLASS output. The likelihood is the probability of get-
ting the measured data given the parameters values corresponding to the point selected by the random
jump. Every point is then accepted or rejected depending on its likelihood evaluated against the data
and compared with the likelihood of the precedent point. The use of a covariance matrix of the posterior
distribution can optimize the proposal densities, generating an optimal acceptance rate of the order of
0.25. The optimal jumping step size is approximatively 2σ of the considered parameter distribution.
The sequence of the drawn points that are accepted is called a Markov chain and targets regions of
higher likelihood. The resulting chain is a correlated sample of the posterior in the parameter space. The
latter possibly includes nuisance parameters accounting for the measurements bias. The Markov chain
eventually converges to the wanted probability distribution although the initial samples may correspond
to a different one, particularly when the starting point is within a low density region. The points before
convergence are removed by the code in the burn-in phase to throw away the initial samples. Chains may
require a long time to converge, particularly when the jumps are small. The quality of the convergence is
estimated by the Gelman-Rubin test R − 1. It can be loosely defined as the variance of the chain means
divided by the mean of the variances. A set of chains can be considered converged when this estimator is
small enough, typically < 0.05 for every parameter [51]. In Appendix B, the values quoted for assessing
the convergence of the chains is the worst, i.e. the largest, value among the parameters.
3.3 Datasets supporting the statistical analysis
3.3.1 Pantheon sample
As far as the background expansion is concerned, we use the supernovae likelihood based on the
Pantheon sample [52] to fit the model. As Pantheon is technically not part of the MontePython code,
we have to install it ad-hoc. The sample is the largest compilation of SNIa to date, containing a total of
1048 brightness data points ranging from 0.01 < z < 2.3. It compiles the measurement of their apparent
magnitude m(z), which corresponds to the observed peak magnitude in the rest-frame B band, along
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with a certain uncertainty. The observable is the luminosity distance computed with CLASS to predict
the theoretical distance modulus µclass(z) defined in Eq. (3.1) for each supernova in the sample, knowing
its redshift. The supernova absolute magnitude M ∼ −19.3 in the B-band is considered as a nuisance
parameter that needs to be varied in the statistical inference together with the cosmological parameters.
The distance estimator is then just µ̂(z) = m(z) − M for every data point. Based on Ref. [53], the
fit of a given cosmological model to supernovae measurements in the Pantheon sample is done in the
MontePython code by maximizing the log-likelihood lnL = χ2/2, where χ2 is defined by the following
function over the residuals,
χ2 = (µ̂− µclass)tC−1 (µ̂− µclass) , (3.30)
where the vector µ̂(z) contains the data points. µclass(z) is the vector of the corresponding CLASS
predictions for the different redshifts, computed on the basis of the model’s parameters. C is the provided
covariance matrix that consists of the variances of each data point (diagonal terms) and the correlation
between them (off-diagonal terms).
3.3.2 BOSS measurements
In combination with SNIa observations, we use BAO measurements to constrain the model at back-
ground level. The BAO peak is detected at different angular separations through samples of galaxies at
different redshift to obtain independent data points. We choose those from the BOSS 2014 dataset from
0.106 < z < 2.36 provided in MontePython. It includes five data points related to the quantity DV in
Eq. (3.26), and respectively collected from the 6DF galaxy survey [54], the BOSS LOWZ data release 11
galaxy samples [55], the BOSS LyaQSO (2 points) [56] and the SDSS DR7 Main Galaxy Sample [57].
In addition, anisotropic measurements are also used.
In order to predict the theoretical estimator DVclass(z) for each point in the dataset, CLASS com-
putes the angular distance dA(z), the radial distance z/H(z) (as well as the sound horizon at baryon drag
rs(τdrag) when the data point consists in the relative BAO distance defined as rBAO ≡ rs(τdrag)/DV (z)).











Following the results of the simulations in 3.1.3, we use CMB anisotropies angular power spectra
measured by the Planck satellite mission to constrain our cosmological models at perturbation level at
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high redshift. We choose the recent three likelihoods released in 2018 [58] based on temperature T power
spectra from Planck data. In order to enhance the determination of the parameters as in [5], we also use
the combined data on the curl-free component E of the anisotropies polarization produced by Thomson
scattering during the plasma epoch. The patterns are measured by the Wilkinson Microwave Anisotropy
Probe (WMAP). As they are both technically not part of the MontePython code, we had to install them
ad-hoc.
The datasets are composed of points for the temperature and polarization cross-correlation TT , TE
andEE angular spectra on high multipoles that are complemented by measurements on lower multipoles
for EE and TT . It is worthwhile noting that we use the lite version of the Planck likelihoods of the
higher multipoles which includes marginalization over the foreground and instrumental effects. In the
lite likelihoods, all the nuisance parameters are fixed except for the Planck absolute calibration Aplanck.
We deliberately choose the lite version to limit the statistical analysis to a lower dimensional parameter
space, enhancing convergence pace and sparing computational time. The Planck likelihoods we use are
composed of a total of 667 data points: 215 points for the TT spectrum, plus 199 in each EE and TE,
plus 27 data points in each low-l TT and EE datasets.
The high-multipole likelihood (called Plik), is a Gaussian approximation of the probability distribu-
tions of the temperature and polarization cross-correlation angular spectra. The polarization likelihood at
low-l (SimAll) has a quadratic maximum form whereas the temperature likelihood (Commander) relies
on a Gibbs-sample based Blackwell-Rao likelihood [59] to account for the non-Gaussian shapes. The
covariance matrices are semi-analytic and calculated on the basis of a fiducial cosmology.
3.3.4 KIDS-450 survey
Weak gravitational lensing, also known as cosmic shear, relates to light deflection caused by gravity
[60]. It is produced by the gravitational potentials of Large Scale Structures that deflect the propagation
of photons emitted by astrophysical sources such as galaxies. Gravitational lensing can therefore be used
to probe matter distribution at a given redshift that can be compared with the matter power spectrum
predicted by cosmological models. It is mainly sensitive to Ωm and the amplitude σ8, with a well defined
degeneracy encapsulated in the combination S8 = σ8
√
Ωm/0.3, and hence allows to constrain our
λCDM model.
We make use of the Kilo-Degree Survey-450 (KiDS-450) weak lensing dataset [61] that contains
the measurement of galaxies’ ellipticity with 450 deg2 imaging. The observed ellipticities consist in
the intrinsic ellipticity of the galaxies combined with the shear caused by the lensing potential. The data
vector is composed of 130 points sampled in four tomographic redshift bins: 0.1−0.3, 0.3−0.5, 0.5−0.7
and 0.7 − 0.9. We need to add two extra nuisance parameters in the Bayesian analyses to account for
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the measurements’ bias: the uncertainty in the amplitude of the Intrinsic Alignment (AIA), as well as the
uncertainty on the dark matter power spectrum amplitude related to the feedback from baryons (Abary).
Moreover, since part of the measurements corresponds to the non-linear regime of structure forma-
tion, it is necessary to apply a correction to the predicted linear matter power spectrum for the small
scales concerned. We use in CLASS the HALOFIT model [62] valid for ΛCDM as a fitting formula
to infer the non-linear matter power spectrum. The model is calibrated to reproduce the small-scale
power spectra computed by N-body simulations. Finally, the likelihood used in MontePython is based
on Ref. [63].
3.4 Analysis of the results
3.4.1 Operational description of the runs
MontePython works with three types of parameters. The cosmological ones are those that we want
to fit as free parameters of the models at stake. Depending on the kind of dataset in the MCMC chains,
either for the homogeneous background evolution or at perturbative level, we sample with flat priors all
or part of the six free parameters in the standard spatially flat cosmology having a power-law spectrum
of adiabatic scalar perturbations: the density of baryonic matter ωb, the density of cold dark matter ωc,
the angular scale of the sound horizon at last scattering 100θs (which is the ratio of the sound horizon at
decoupling to the angular diameter distance to the last scattering surface) or the Hubble parameter h, the
optical depth to reionization τreio, the amplitude of the initial fluctuations ln 1010As, and the scale depen-
dence of this amplitude ns, plus the free parameter λ. The nuisance parameters are those that are forced
to vary for some particular datasets, such as Pantheon (M ), Planck (Aplanck) or KiDS (AIA and Abary),
to marginalize over systematics effects. MontePython also provides for derived parameters on demand
to infer constraints on them, particularly those parameters of the late-universe that are model-dependent:
the Hubble constant H0, the matter density parameter Ωm and the matter fluctuation amplitude σ8. They
are not varied as such as they depend on the free cosmological parameters.
We execute MontePython in the run mode to compute the chains with an input parameter file whose
extension is .param that specifies the experiment dataset to use and the varying parameters of the model,
along with their prior expected mean value and uncertainty. Since the convergence is increased by run-
ning MontePython with a covariance matrix, we use the superupdate sampling option, which is partic-
ularly suitable for models that contain many parameters requiring more time to complete the runs. This
option allows to on the fly periodically improve the covariance matrix as proposal density to increase
convergence performance, and periodically adapt the jumping factor to target the 25% acceptance rate
[64].
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We analyse the chains with the info execution mode of MontePython. It computes the conver-
gence of the chains and produces statistical information on the posteriors, including credible intervals,
1-dimensional probability distributions and plots of the 2-dimensional marginalized iso-likelihood con-
tours at 1σ and 2σ Confidence Levels (CL). The full plots can be found in Appendix B.
3.4.2 Comparing constraints from Pantheon, BOSS and Planck
The constraints we extract on background parameters from the cosmic expansion, as well as from the
perturbed universe at high redshift, are summarized in Table 3.2. Additional cosmological parameters do
not need to be fit with the Pantheon and BOSS datasets since the related observables depend only on λ,
Ωm and H0. The free parameters specific to Planck are reported in the next subsection.
Table 3.2: Constraints on the λCDM model at background level. We note the usual tension on the value
of H0 between the early universe measurements ∼ 67 and those obtained in the local universe ∼ 70.
Pantheon+BOSS Planck
Parameter mean±σ 95% lower 95% upper mean±σ 95% lower 95% upper
λ −0.04+0.41−0.39 −0.77 0.69 0.000+0.052−0.052 −0.100 0.100
Ωm 0.283
+0.050





−5.0 62.37 79.58 67.18
+0.64
−0.64 65.90 68.46
− lnL 515.737 502.192
χ2 1031 1004
The expression of the double exponential potential in equation (2.43) reveals the existence of a sym-
metry for our scalar field parameter λ with respect to zero by making φ → −φ. This symmetry is
identifiable in the λ-Ωm and λ-H0 planes of Figure 3.4. Although, to spare computational time, we
could be sampling the positive side of the λ posterior parameter space only, we decided to let it free
at this stage in order to reveal the approximate Gaussian shape of the probability distribution for this
posterior.
The posterior bounds−0.77 < λ < 0.69 at 2σ Confidence Level (CL) obtained with the combination
of Pantheon and BOSS are rather wide and allow too large quantities of early dark energy that are
incompatible with the tighter BBN ceiling discussed in Section 2.3. On the other hand, the observations
of the Universe at high redshift are considerably more constraining, as shown in Figure 3.4. Those
extracted from the CMB anisotropies with Planck data significantly lower the 95% CL upper bounds to
|λ| < 0.1. The CMB likelihoods further constrain the posterior λ since large values of early dark energy
have significant impact on the angular power spectrum, as was illustrated in section 3.1.3, and are thus
statistically disfavoured by the fitting. In both cases, the expected value of |λ| is compatible with zero,
i.e. with a cosmological constant.
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Figure 3.4: Plots at the top of the triangle: Probability distribution for marginalized parameters (λ and
the common derived parameters). Confidence contours plots showing the marginalized 2-dimensional
likelihood. The Pantheon+BOSS contours contain those of Planck. The formers allow for a region in
parameter space with larger values of the Hubble constant. Conversely, the latter substantially reduce the
allowed areas.
a strong anti-correlation to Ωm at background level. In coherence with the explicit expression of the
luminosity distance in Eq. (3.3), increasing values of quintessence lead to decreasing values of matter
for a given distance. However, they are moderately correlated in the Planck datasets within the smaller
credible intervals that are inferred.
3.4.3 Comparing models with Planck
Table 3.3 compares the inferred values of the cosmological parameters between quintessence and the
standard model that we also run in our Bayesian analysis. They remarkably agree, hinting that within the
λ credible intervals, the quintessence model is undistinguishable from a cosmological constant. All the
six common parameters constraints are highly consistent with the Planck results for the standard model,
which is though characterized by one parameter less. Statistically, a good fit would roughly correspond
to the minimum χ2 equalling the number of data points. The chi-square normalised by the number of
degrees of freedomNdof = Ndatapoints−Nparameters called reduced χ2red ≡ χ2/Ndof , is a useful quantity
to compare the merit of the two models. ΛCDM is slightly better as it corresponds to the lowest reduced
chi-square. Yet the observations do not convincingly discriminate the two models. They notably foresee
a similar constraint on today’s dark energy abundance.
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Table 3.3: Comparison between quintessence λCDM with standard ΛCDM using Planck. The first five
parameters are derived while the following seven are those that we use as sampling parameters with flat
priors in the MCMC. The last one is the single nuisance parameter of the lite version.
λCDM ΛCDM


























λ 0.013 0.000+0.052−0.052 n.a. n.a










100 ∗ θs 1.04200 1.04200+0.00034−0.00031 1.04200 1.04200+0.00031−0.00030





















Moreover, λ should be anti-correlated to the late-time fluctuation amplitude parameter σ8. We have
already concluded in Subsection 2.4.2 that the pace of the perturbations growth is sensitive to the exis-
tence of early dark energy. Figure 3.5 confirms a weak anti-correlation between λ and σ8 which decreases
the level of clustering in the universe relatively to ΛCDM. The level of clustering is slightly less con-
strained in the quintessence model on the σ8-H0 and σ8-Ωm symmetric planes, allowing for slightly
lower values of σ8 than in ΛCDM.
3.4.4 Obtaining specific constraints with KiDS-450
To further the analysis, we test the λCDM model with the KiDS-450 observations in the perturbed
universe at lower redshift. Unfortunately, the poor Metropolis-Hasting convergence of the Markov
chains, which is far worse than Pantheon-BOSS or Planck, does not allow to obtain conclusive con-
straints. This issue occurs despite that we have restricted the λ prior to positive values, taking advantage
of the existing symmetry, and limited the varying parameters to {h,Ωm, As} on top of the two nuisance
parameters. We had to therefore opt for the Nested-Sampling algorithm, implemented as MultiNest in
MontePython [65–67], to sample the parameter space in order to cope with the posteriors’ non-Gaussian
shapes. Additional computational power would be necessary to maintain the number of live points be-
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Figure 3.5: Probability distribution for marginalized parameter (plots at the top of the triangle) and
contour plots showing the marginalized 2-dimensional constraints obtained with the Planck dataset alone.
Contours include 68% and 95% of the probability.
to present hereafter some preliminary results, bearing in mind that they have to be taken with caution.
The constraints on the derived parameters are summarized in Table 3.4.
Table 3.4: Comparison between quintessence λCDM with standard ΛCDM using KiDS.
λCDM ΛCDM
Parameter best-fit mean±σ best-fit mean±σ

















As for the posterior λ, a vanishing value of the parameter is not favoured by KiDS observations,
unlike Pantheon, BAO and Planck. We obtain the following weak constraint at 1σ CL,
λ = 0.52+0.24−0.18. (3.32)
As λCDM suppresses power, we find that the abundance of matter Ωm increases dramatically and the
level of clustering measured by σ8 is reduced compared to the standard cosmological constant model.
In Figure 3.6, we note that while the 2-D marginalized contours overlap, the likely values of Ωm and
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Figure 3.6: Probability distribution for marginalized parameter (plots at the top of the triangle) and con-
tour plots showing the marginalized 2-dimensional constraints obtained with the KiDS dataset. Contours
include 68% and 95% of the probability.
degenerated combination S8.
The present analysis will have to be deepened in future works since the posteriors values in the
ΛCDM model do not match those in Ref. [61]. Whereas the constraints on the parameter combination
S8 is of the same order, Ωm and σ8 are respectively higher and lower. While we have limited the flat
prior on h to [0.64, 0.82] as in Ref. [61], it was not possible in our analysis to derive credible intervals for
this posterior. Finally, Figure 3.7 compares KiDS with the Planck constraints. The posterior distributions
of the derived cosmological parameters are all in tension.
3.4.5 Discussion on the parameters estimation
We are in a position to conclude that the model consisting in parametrising the scalar field supposedly
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Figure 3.7: Comparison of the constraints on λCDM between Planck and KiDS. Probability distribution
for marginalized parameter (plots at the top of the triangle) and contour plots showing the marginalized
2-dimensional constraints. Contours include 68% and 95% of the probability.
model that only adds one single parameter (against several in other dark energy parametrisations as seen
in section 1.2) to account for the dynamics of dark energy with time. Its behaviour successfully matches
observational data which bring similar statistical constrains on the standard cosmological parameters.
While the Bayesian inference done with Planck finds a preference for a vanishing value of the addi-
tional parameter, compatible with the existence of a cosmological constant, we are able to constrain the
upper limit to |λ| < 0.052 and |λ| < 0.10 respectively at 68% and 95% CL from the most recent CMB
anisotropies measurements. However, the weak lensing observations at lower redshift are not compatible
with a vanishing value: |λ| = 0.52+0.24−0.18. All posterior distributions are also in tension between KiDS
and Planck. In the next chapter, we will be contemplating a possible extension of our parametrisation by
allowing interactions within the dark sector through a constant coupling β, adding an additional degree
of freedom to the model.
54
Chapter 4
λβCDM coupled quintessence model
The unknown nature of both dark energy and dark matter allows us to propose models that assume
interactions between them [68]. The fact that their energy densities are comparable in the present epoch
might even be a sign of an interaction. For the sake of simplicity, we consider a constant coupling β
that parametrises the interaction between cold dark matter and the quintessence field φ described in the
previous chapters. This is the kind of conformal coupling that appears in the Einstein frame where the
matter fields depend on the scalar field [69]. Radiation is neglected given that we are studying the be-
haviour of cosmological models in the deep matter or dark energy dominated epochs. A similar coupling
with radiation would vanish anyway since the trace of the radiation energy-momentum tensor is null. It
is further assumed that dark energy does not interact with baryons due to local gravity constraints. Since
baryons are subdominant, their presence only makes little difference for the evolution of the background.
However, we keep them in the cosmological fluid for the sake of completeness.
4.1 Evolution of the background
Since baryons do not interact, they are conserved separately. The baryonic fluid evolves according to
the regular continuity equation,
∇µT (b) µν = 0 ⇒ ρ̇b + 3Hρb = 0. (4.1)
As regards the dark sector, energy flows among quintessence and dark matter through their coupling.
Therefore, in spite of not being individually divergenceless, the dark sector energy momentum tensor is
jointly conserved through the Bianchi identities, preserving General Relativity covariance,
∇µ
(







∇µT (φ) µν = −βTc∇µφ = +βρc∇µφ, (4.3)
∇µT (c) µν = +βTc∇µφ = −βρc∇µφ, (4.4)
where κ = 1 and Tc = −ρc + 3pc = −ρc is the trace of the energy-momentum tensor of cold dark
matter, which is pressureless by definition. Using Eq. (A.20) the time component ν = 0 yields,
ρ̇φ + 3H(ρφ + pφ) = −βρcφ̇, (4.5)
ρ̇c + 3Hρc = +βρcφ̇, (4.6)
where the dot denotes derivation with respect to cosmic time. The combination of Eq. (4.5) with (2.5)
and (2.6) gives the Klein-Gordon equation according to which coupled quintessence evolves. The motion
of the interacting scalar field thus satisfies,
φ̈+ 3Hφ̇+ V′φ = −βρc. (4.7)
The regular uncoupled equations are recovered in the limit of the coupling constant β = 0.
In accordance with the same procedure described in Ref. [29], we uncover, for the first time, the
coupled quintessence potential corresponding to φ′ = λ. This model is called λβCDM in the rest of the
document. The main steps of the derivation are described below where a prime denotes differentiation
with respect to the number of e-folds. Using that notation, the species considered evolve as,
ρ′b + 3ρb = 0, (4.8)
ρ′c + 3ρc = βρcφ
′ ⇒ ρ′c + 3ρc = βρcλ, (4.9)
ρ′φ + 3H
2φ′2 = −βρcφ′ ⇒ ρ′φ + 3H2λ2 = −βρcλ. (4.10)
The direct integration of equations (4.8) and (4.9) gives respectively the solution for the baryon and dark
matter energy densities,
ρb = ρb0 e
−3N , (4.11)
ρc = ρc0 e
(−3+βλ)N = ρc0 e




The interaction within the dark sector alters the evolution of the cosmological background as the dilution
of dark matter depends on the transfer of energy with quintessence. It deviates from the regular dilution
ρc ∝ a−3 to become ρc ∝ a−3+βλ as illustrated in Figure 4.1. Correspondingly, the expansion of the
universe during the matter domination epoch is modified by the coupling. The scale factor law becomes
a ∝ t2/(3−βλ), neglecting baryonic matter, instead of a ∝ t2/3 in the standard case. These alterations are
































Figure 4.1: Dark matter dilution in λβCDM between equality (identified by the vertical lines) and decou-
pling, when λ = 0.3, computed with our modified CLASS code on the basis of Planck 2018 cosmological
parameters results [5]. The coupling strength β affects the dilution of dark matter. The effect is stronger
when βλ < 0, i.e. when energy is being injected into quintessence.
The source term Q = βρcλ represents the stress-energy exchange among the interacting fluids. As
ρc → 0 the source term vanishes with time. Moreover, the direction of the energy exchange depends
on the sign of Q, which means that it depends both upon the evolution of the dark energy scalar field
imposed by the sign of λ and on the sign of the coupling β. There is therefore a symmetry with respect
to the sign of the product βλ which determines the direction of the energy flow. If the value of the scalar
field increases with time (λ = φ′ > 0), then the coupling pumps energy from the scalar field component
into the dark matter fluid when β > 0. Consequently, the energy being granted to dark matter slows its
dilution. When β < 0, the energy lost by dark matter conversely accelerates its dilution. The opposite
holds for a decreasing scalar field (λ = φ′ < 0).
As regards the quintessence energy density, Eq. (4.10) can be rewritten by substituting Eq. (4.11) and
(4.12) into the Friedmann equation applied to a flat universe, 3H2 = ρb + ρc + ρφ. Hence, the density






































−3 + βλ+ λ2 ρc0 +
λ2






−3 + βλ+ λ2 ρc0 e
(−3+βλ)N − λ
2
−3 + λ2 ρb0 e
−3N .
According to Eq. (2.5), the scalar field potential can be found with,
V (φ) = ρφ −
1
2
φ̇2 = ρφ −
1
2









ρφ + ρc0 e




















Substituting Eq. (4.15) into the above equation with N = (φ−φ0)/λ, we obtain the following potential,
V (φ) = Ae(−
3
λ









3− λ2 − βλρ0Ωc0 e





















It is worthwhile noting that the coupling essentially affects the quintessence potential when the latter is
driven by the steeper exponential in the early times, when φ is subdominant. Once the shallower potential
takes the lead, the coupling does not impact the potential any longer. Nor does it affect the quintessence
equation of state wφ in the long term. The equation of state satisfies,
ρφ(1 + wφ) = ρφ + pφ = φ̇
2 = H2φ′2 = H2λ2, (4.23)
and therefore,














In early times, during the matter era we have wφ → 0, and for late times, as the scalar field dominates
the evolution we obtain wφ → −1 + λ
2
3 . The dark energy equation of state tends to the same values as in
the λCDM case. Moreover, today’s equation of state remains unchanged despite the coupling existence,
as shown in Figure 4.2,




Dynamically, the cosmological behaviour of the model can be studied by adopting the very same
approach described in pages 190-193 of Ref. [3], yet with a different cosmological scenario due to the
fact that our scalar field potential includes the coupling strength β and differs from the single exponential
postulated there. The baryonic term of the potential is neglected here for the sake of simplicity. This can
be done to a good approximation given that baryons are subdominant. Nevertheless we include them in
the numerical simulations, along with radiation. Firstly, at the early times, the potential is driven by the
steeper exponential term e(−
3
λ
+β)φ and quintessence provisionally scales with radiation,
wφ = weff =
1
3













(β + λ) . (4.27)
As the coupling strength β > 0 increases, the value of the equation of state wφ tends to −1 for λ > 0
during matter domination. This is to be expected because the transfer of energy towards dark matter
decreases the kinetic energy of the scalar field that can become negligible compared to its potential
energy in the limit of very strong interaction. During that period, the effective equation of state of the





which is close to zero, approaching matter’s, for small values of the parameters. Finally, once the shal-
lower exponential term e−λφ takes the lead in driving the scalar field, dark energy density freezes and
accelerates the Universe like for the λCDM case when λ2 < 2, independently of the coupling. This
feature comes as a novelty compared with [3]. In the latter, the non-existence of the extra exponential
term in the potential prevents the late acceleration without the coupling for small λ.
The viability of our cosmological scenario is confirmed numerically in Figure 4.2 by using a version































(b) Zoom in at lower redshift
Figure 4.2: Panel (a): Dark energy equation of state in λβCDM for λ = 0.3, computed with our modified
CLASS code on the basis of Planck 2018 cosmological parameters results [5]. The coupling turns on
during matter domination and turns off when the scalar field starts slow-rolling. Panel (b): The extra
degree of freedom β entails additional evolution possibilities at low redshift for a given parameter λ.
in Eq. (4.19), as well as the new dark matter dilution law (4.12) and scalar field equation of motion (4.7).
In particular, it shows the consistency of the numerical results with the theoretical scalar field equation
of state given in Eq. (4.27) that depends on the values of λ and β as the universe evolves.
Moreover, in order for the cosmological model to satisfy −1 ≤ wφ ≤ +1 and 0 ≤ Ωφ ≤ 1, the
values of the parameters are constrained by the following bounds,










6 ≤ λ ≤ 0 ⇒ 3− λ
2
λ
≤ β ≤ −λ
2
. (4.30)
Using Eq. (4.26), these bounds can be combined with the ceiling Ωφ < 0.045 imposed by BBN on the
dark energy abundance during radiation domination. We expect that the constraint on λ from BBN in
Eq. (2.48) is slightly relaxed for scenarios where dark matter grants energy to the scalar field.
In terms of background evolution, a major difference with the uncoupled λCDM model lies in the
time of matter-radiation equality which is affected by the existence of the coupling. Instead of aeq =
Ωr0/Ωm0 , it now approximatively satisfies,
Ωm0a
−3+βλ








neglecting the fact that baryons still dilute as a−3 in order to get an analytic form of the equality time. The
exact equation would be Ωc0a
1+βλ
eq + Ωb0aeq = Ωr0 , leading to ∼ 3% deviation with the approximation
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(b) Background evolution of the scalar field energy density
Figure 4.3: λ = 0.3. Panel (a): The coupling strength β influences the matter-radiation equality. Panel
(b): The coupling regulates the dilution of quintessence: when energy is being pumped into dark matter
(β > 0) the energy density of the scalar field increases during matter domination to converge to today’s









As identified in Figure 4.1 and 4.3, when the product βλ > 0, the matter-radiation equality occurs later
because of the modified dilution of dark matter in Eq. (4.12), and vice versa. Assuming that the models
evolve towards the same fiducial cosmology, the density of dark matter was necessarily lower at early
times with the coupling. Therefore, if βλ = 0.01 and βλ = 0.03 for instance, the radiation domination
lasts longer by about 8% and 27% respectively. We are to see in section 4.3 that this difference alters
the Hubble radius at equality and thus has an impact on both the location of the turn around scale in the
matter power spectrum and the peak structure of the CMB temperature anisotropies.
By affecting the Hubble expansion rate, the coupling changes the expansion history of the universe
background, and hence should leave observational marks. In the λβCDM model, we find that the theo-











3− λ2 Ωb0(1 + z)
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It reduces to Eq. (3.3) when β = 0. We use our modified version of CLASS to simulate the predicted
redshift - luminosity distance relation. The plot in Figure 4.4 shows that the sensitivity to the coupling
strength β at low redshift is negligible. Let us confirm in the next section whether the coupling brings




























Figure 4.4: top panel: Redshift - luminosity distance relation predicted by the λβCDM model for λ =
0.3. The observed Pantheon sample data points are in orange. Bottom panel: Relative deviation from
ΛCDM. The effective coupling β produces insignificant deviation at low redshift.
4.2 Evolution of cosmological perturbations
The coupling within the dark sector affects the evolution of cosmological perturbations. Stress-
energy transfers allowed by the interaction between components of the cosmological fluid add extra
source terms in the equations of motion as in Ref. [71]. They are obtained following the same method
as in Subsection 2.4.1 but with the joint conservation Eq. (4.4). For a constant coupling strength β, the
continuity equation (2.93) in conformal time is changed into,








with ˙δρc = (−3Hρ̄c + βρ̄cφ̇)δc + ρ̄cδ̇c according to Eq. (4.6). Therefore, the equation of motion for the
density contrast of coupled dark matter reads,




Similarly, the Euler equation of dark matter (2.97) is to be adapted. In Fourier space and β constant,
Eq. (2.95) becomes,





where ∇iφ̄ = 0 since the scalar field is considered spatially homogeneous. Taking the divergence and
using Eq. (4.6), we obtain,
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θ̇c +Hθc = βφ̇ (θφ − θc) . (4.38)
We also impose the same condition θc(k, τini) = 0 we applied in Eq. (2.97) to define the initial timelike
hypersurface of the synchronous gauge. Contrary to the λCDM model, this condition is now insufficient
to fix the gauge completely because the coupling makes cold dark matter velocity divergence θc evolve
with time in compliance with Eq. (4.38). Therefore, we modified the code of the CLASS perturbations
modules to implement the two equations (4.35) and (4.38) with varying θc, and evolve the perturbation
equations in a synchronous gauge that still possesses one remaining degree of freedom. The coupling,
that can be interpreted as a force, has the effect of changing the dark matter geodesics. Since the gauge
is not comoving with dark matter any longer, it is necessary to further transform δc into the gauge-
invariant quantity δCc [36] that enters the matter density contrast Eq. (3.10) that CLASS uses to predict
the power spectra observables that are physically independent from the choice of the synchronous gauge.
By considering the coordinate transformation xµ → x̃µ ≡ xµ + ξµ, the gauge transformation of a scalar
perturbation s is given by δs̃ = δs− ṡ ξ0, and applying it to the density contrast, the comoving slicing is
obtained by,




With ξ0 = v +B and Eq. (4.9), we get,






the latter being valid in Fourier space with the similar convention adopted in Ref. [38]1, andB = 0 in the
synchronous gauge. Only the largest scales are impacted since the two density contrasts coincide when
k →∞. It is worth noting the difference with Ref. [72] which instead uses δCc = δc+3Hθc/k2 as gauge-
invariant variable, since in their specific case the dark matter continuity equation remains unchanged by









into the following gauge-invariant matter density contrast,
1 The scalar part in the decomposition of the velocity vector is defined by vj = −v,j which becomes −i kjk v by convention













to account for baryonic matter. Furthermore, when it comes to numerically plot the time evolution of
δc, the quantities are provided in the Newtonian gauge δNc by CLASS. We have therefore to change the
gauge transformation ensured by the code [37] to adapt it to the existence of the coupling, taking account
of the modified form of the continuity equation (4.6),









We hence obtain the following gauge transformation,





Given that the existing version of the code uses the constraint equation (2.102) which is no longer
valid, we further modify it to integrate the metric perturbation h from the adiabatic initial conditions that





We limit that initial condition to the leading order because the next one, being O(k4τ4), is discarded
since the series are truncated to the O(k3τ3) order. The adiabatic initial condition of dark matter also
differs from λCDM. Using the coupled dark matter continuity equation (4.6) with the regular photons















As for quintessence, we keep the same previous rationale as in the uncoupled case to set vanishing initial















By substituting the coupled Klein-Gordon equation (4.7) and re-using Eq. (2.99), we find the following










We modify the code of the CLASS perturbations module to implement this equation.
The numerical results that we obtain with our modified version of CLASS are plotted in Figure 4.5.
They are consistent with the adapted Eq. (2.114) that we are going to analytically derive below in the
Newtonian limit for our specific λβCDM model, as in Ref. [41, 74]. We first differentiate Eq. (4.35) and




H2Ωcδc − 2φ̇ϕ̇+ a2V,φϕ = βϕ̈− βk2ϕ. (4.50)
In Ref. [41], it was demonstrated that the existence of the coupling only makes a difference for the
sub-horizon during the matter dominated era. For those scales within the horizon we can consider that
k → ∞. In our approximation, we also neglect the higher order terms, i.e. the derivatives of ϕ and the





Being of higher order, we can also neglect the velocity divergence terms in Eq. (4.35) to approximate
ḣ/2 = −δ̇c. It follows that,
k2ϕ = −3βH2Ωcδc + δ̇cφ̇, (4.52)
which we insert into Eq. (4.50). Similarly neglecting the higher orders, we find the equation of motion












δc = 0. (4.53)
Let us now consider our parametrisation where φ′ = λ. We rewrite the last equation with the number of

















δc = 0, (4.54)
where the analytic expression of wφ, parametrised with λ and β, is given in Eq. (4.24). We obtain the





































































7 ×104 k = 1
Figure 4.5: Evolution of dark matter fluctuations in λβCDM for λ = 0.3 and various scales k in
units of h Mpc−1, computed with our modified CLASS code on the basis of Planck 2018 cosmological
parameters results [5]. The initial conditions are adiabatic withR = 1 normalization. Smaller scales are
affected by faster or slower growth depending on the sign of the effective coupling β.
We find, like in Ref. [28], that the coupling brings three competing effects to the evolution of the linear
perturbations. Firstly, the value of the equation of state wφ is not zero during the scaling regime in the








Secondly, the coupling systematically enhances the gravity pull by adding an extra source to the
potential acting on dark matter. Re-establishing the Newton constant, the source term becomes,





as if we had a different effective potential along with a specific effective gravitational constant between




. It encompasses standard gravity supplemented by a long-
range force which is generated by the coupling and mediated by the scalar field. This effect always
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contributes to the growth of perturbations during matter domination and hence counterbalances the pres-
ence of early dark energy. Whichever is the direction of the energy transfer, the coupling consistently
plays the role of a gravitational source as if dark matter particles were subject to an additional force. It is
to be noted though that since wφ → −1 + λ2/3 during the acceleration period, the source term vanishes
anyway, independently of the coupling existence.
Thirdly, the friction term is affected by the dark sector interaction which increases or decreases the
Hubble drag depending on the direction of the energy transfer determined by the sign of βλ. Similarly to
the gravitational potential, we can identify an effective Hubble rate asHeff ≡ H (1 + βλ) that influences
the clustering of matter particles.
As illustrated by our numerical results in Figure 4.5, when energy flows from dark matter to dark
energy (βλ < 0), the growth of matter fluctuations is enhanced. All three individual effects contribute
to it: the source term is increased by the higher density of dark matter whereas the Hubble drag term
decreases, easing the clustering of matter which is further facilitated by the extra long range gravitational
force induced by the coupling. On the other flow direction when quintessence is loosing energy, the
lower dark matter density at early times combined with the increased expansion rate fight fluctuations
growth against the coupling force. The winner depends on the value of the pair (β, λ) as we are to
confirm below.
It is possible to derive a general power-law solution to Eq. (4.55) of the form δc ∝ emN in the deep
















































(1 + 2β2) + (1 + 3λβ)2
]
. (4.60)
This approximated analytic expression of the growth rate, which is valid on small scales in the deep
matter domination era, is consistent with Ref. [41]. We compare it with the numerical results obtained
with our modified CLASS code in Figure 4.6. They match very well in the matter dominated era.
In figure 4.7, we notice that growth is suppressed (m+ < 1) or enhanced (m+ > 1) relatively to the
ΛCDM model (m+ = 1) depending on the strength and sign of the coupling. Whereas early dark energy
systematically reduces the growth for all values of λ, a given value of the coupling strength β either


















Figure 4.6: The growth rate funtion f = δ′c/δc of the dark matter fluctuations is numerically computed
with our modified CLASS code on the basis of Planck 2018 cosmological parameters results [5] for the
instance λ = 0.3. The scale considered is k = 0.1 h/Mpc. In the deep matter era, the growth parameter
f ∼ m+ is in line with the analytic and approximated expression of the growth rate derived in Eq. (4.60).














(a) Effect of the coupling on the growth of perturbations
















(b) Exponent m+ contour plot
Figure 4.7: Panel (a): The value of the coupling β determines whether the growth is suppressed or
enhanced relatively to ΛCDM. The plot is based on the analytic expression of m+ in Eq. (4.60). Panel
(b): The blue lines represent m+ = 1. The dashed black line represents the −λ/2 boundary imposed to
β in Eq. (4.29) and (4.30). The values of β are not allowed in the pink shaded region.
values of λ, for which the coupling consistently enhances dark matter fluctuation. During the subsequent








δ′c = 0, (4.61)
whose solution is similar to Eq. (2.120), but changed by the existence of the coupling,








In the next subsection we will be outlining the corresponding effects on the power spectra, besides
those relative to the position of the characteristic scales.
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4.3 Numerical results for matter and CMB anisotropies power spectra
According to Section 4.1, the interaction between the scalar field and dark matter alters the time of
matter-radiation equality compared to the standard and uncoupled models. This difference modifies the
Hubble radius at equality and thus influences the turn around scale in the matter power spectrum. Using











again neglecting baryons. Assuming the concordance model [5], the turn around scale moves to the
larger k (smaller scales) when βλ < 0. As the horizon is smaller at equality, only those perturbations on
the smaller scales have time to enter it and grow during radiation domination. Additionally, the coupling
further fosters the fluctuation growth during the subsequent matter-dominated era (Cf. the predictions
in Figure 4.5). As a result, power increases on small scales because growth is enhanced, as depicted in
Figure 4.8. We thus expect higher predicted σ8 as exemplified in table 4.1. On very large scales though,
dark energy suppresses power. The converse situation holds when λβ > 0 which provides for a larger
horizon at equality.
Table 4.1: Predicted σ8 values at z = 0 computed with our modified CLASS code on the basis of Planck
2018 cosmological parameters results [5], normalizing the amplitude of the primordial power spectrum








As regards the baryon oscillations, their predicted imprint should become more visible with increas-
ing coupling strength that lowers the fractional energy density of dark matter at the time of the primordial
plasma. Consequently, the oscillations are fostered by the increased share of baryons.
The peaks location of the CMB angular power spectrum are, also, shifted by the existence of the
interaction. This is due, firstly, to the modified scale factor expansion law that changes the sound hori-
zon at decoupling Eq. (3.19). Secondly through the Hubble parameter, since the interaction alters the
comoving angular distance to the last scattering surface, as it has a dependence on the cosmic expansion
from decoupling to the present time. The combination of these give rise to diverse effects regarding the
peak structure, allowing to observationally constrain the value of the two parameters λ and β.
Moreover, the amplitude on the small scales of the CMB temperature power spectrum increases



































Figure 4.8: Predicted linear matter power spectrum at redshift z = 0 in the λβCDM model for λ = 0.3,
computed with our modified CLASS code on the basis of Planck 2018 cosmological parameters results
[5].
hold for λ < 0. When β > 0, the reduced amount of dark matter at the time of the primordial plasma
allows radiation to produce a stronger contribution to the Sachs-Wolfe plateau, through the gravitational
potential decay according to 3.1.3. It further rises the first and subsequent peaks. On the contrary with
β < 0, the enhanced dark matter physical density inhibits radiation effects, lowering the amplitude of
every peak, as in Figure 4.9.
Besides, we notice too that the ratio of the angular power spectrum amplitude between the second and
third acoustic peak is sensitive to the coupling. The height of the second peak can become smaller than
the third when the interaction pumps energy away from dark matter (β < 0). As dark matter increasingly
dominates matter density in the primordial plasma, the baryons are falling into deeper potentials, further
amplifying the odd peaks which reproduce the maximum compression of the baryon-photon oscillations.
Finally, on very large scales, the plateau tilt is impacted by the interaction. Positive coupling strength
suppresses CMB temperature anisotropies on those scales because the late-time ISW effect is weaker
as quintessence has been loosing energy. It is the other way around when quintessence acquires energy








































Figure 4.9: Predicted CMB dimensionless angular power spectrum in the λβCDM model with λ = 0.3,
computed with our modified CLASS code on the basis of Planck 2018 cosmological parameters results
[5].
4.4 Observational constraints on λβCDM
Since we have concluded from Figure 4.4 that the coupling between quintessence and dark matter
does not affect much the homogeneous cosmic evolution at low redshift, it is seemingly irrelevant to try
to constrain the model with low redshift datasets at background level. We have already drawn a similar
conclusion regarding the λCDM model by testing it with the Pantheon and BOSS datasets in Section 3.4.
We thus decide to skip the SNIa and BAO observations in the present MCMC fit.
4.4.1 Planck constraints
We seek to constrain the parameters at perturbation level given the larger influence the coupling
brings on the predicted power spectra. Regarding the Planck mission CMB measurements, we restrict
the statistical analysis to the lite version of the cross-correlation temperature anisotropies TT because
of computational limitations due to the additional degree of freedom β. For the very same reason, we
limit the number of free cosmological parameters to {λ, β,Ωc, h, As} on top of the nuisance parameter.
We fix the others to their fiducial values. Taking advantage of the symmetry with regards to the product
λβ identified in Section 4.1, we decide to only sample the positive side of the λ posterior space to spare
computational time. This approach is also appropriate when using the Metropolis-Hasting algorithm
because it gives better results with single peaked probabilities. Moreover, in Ref. [75] it is claimed that
an interesting constraint on β is found by tackling the tension on the Hubble constant between local and
Planck measurements. Accordingly, we also present in Table 4.2 the statistical analysis by combining
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the Planck dataset with the Hubble Space Telescope (HST) Gaussian prior on the Hubble constant. That
combination mainly increases the upper limit found on the coupling.
Table 4.2: Constraints on λβCDM with Planck and Planck+HST.
Planck Planck+HST
Parameter mean±σ 95% lower 95% upper mean±σ 95% lower 95% upper
λ 0.040+0.012−0.040 0.000 0.113 0.0332
+0.0076
−0.0330 0.0000 0.1052
β 0.018+0.011−0.045 −0.037 0.108 0.031+0.016−0.058 −0.033 0.135
Ωm 0.3091
+0.0035















−0.020 0.835 0.920 0.8776
+0.0089
−0.0260 0.8361 0.9480
− lnL 113.76 118.388
χ2red 0.964 1.004
We note that the incorporation of the additional degree of freedom does not alter the fact that a
vanishing value of the posterior λ, corresponding to the cosmological constant, is preferred by the CMB
temperature anisotropies measurement. The upper bound is also rather in line with the λCDM model. As
regards the coupling strength, the observations of Planck and HST give the following weak constraints
at 1σ CL,
β = 0.018+0.011−0.045 (Planck), (4.64)
β = 0.031+0.016−0.058 (Planck + HST), (4.65)
meaning that we cannot exclude a vanishing coupling. Figure 4.10 compares our two models and shows
that the existence of the coupling makes σ8 increase. However, it is necessary to continue running
Markov chains to improve the convergence towards the targetted probability distribution of the two pos-
teriors λ and β.
4.4.2 KiDS constraints
Similarly to our approach in Section 3.4, we endeavour to constrain the λβCDM model with weak
lensing observations. The results, reported in Table 4.3, indicate a preference for non-vanishing values
of our two parameters, with the following likelihood peak at 1σ CL,
λ = 0.70+0.28−0.15, β = −0.080+0.041−0.057. (4.66)
The inferred λ value is compatible with the more relaxed ceiling imposed on early dark energy at BBN
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Figure 4.10: Constraints obtained with Planck. Probability distribution for marginalized parameter (plots
at the top of the triangle) and contour plots showing the marginalized 2-dimensional constraints. Con-
tours include 68% and 95% of the probability. The cut-off value of β that we have identified in Eq. (4.29)
is clearly visible on the corresponding plots.
from the dark matter fluid to the quintessence component. Today’s amplitude of the matter power spec-
trum increases compared to the uncoupled scenario whereas the S8 combination is just slightly affected
by the coupling as the abundance of matter Ωm decreases (see Figure 4.11).
Table 4.3: Constraints on λβCDM with KiDS.
Parameter best-fit mean±σ 95% lower 95% upper
λ 0.97 0.70+0.28−0.15 0.28 1.08
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Figure 4.11: Constraints obtained with KiDS on λβCDM. Probability distribution for marginalized pa-
rameter (plots at the top of the triangle) and contour plots showing the marginalized 2-dimensional con-
straints. Contours include 68% and 95% of the probability.
The model fitting is significantly in disagreement with Planck, as shown in Figure 4.12. The relatively
larger interval found for the λ posterior allows for larger negative β values according to the cut off in
Eq (4.29). Accordingly, the allowed β region in the parameter space is particularly wide with KiDS.
Though, the value inferred for λ entails a quantity of early dark energy at the time of decoupling which
appears to be incompatible with the CMB measurements.
It is to be recalled that additional chains should be run in the future, especially with the Nested-
Sampling algorithm, to confirm these results. Furthermore, the HALOFIT model we are using was
calibrated with N-body simulations for ΛCDM. They therefore may not be suitable in our case that
speculates the existence of an extra force applied to dark matter, which is not foreseen by the standard
model. These drawbacks jeopardize the confidence on the KiDS constraints that could be challenged
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Figure 4.12: Constraints on λβCDM. Probability distribution for marginalized parameter (plots at the top
of the triangle) and contour plots showing the marginalized 2-dimensional constraints. Contours include





We have been examining possible parametrisations of quintessence responsible for dark energy fu-
elling the observed late time cosmic acceleration. As it can reduce to a simpler linear form, we disre-
garded an exponential parametrisation of the canonical scalar field, φ = φoeεN , generating a collapsed
universe. It might be worth further investigating the cosmological behaviour of such model, perhaps
in the primordial inflation context. We should add that we did not mention another parametrisation,
φ2 − φ20 = εN , that also enables to extract an analytic expression of the dark energy density and poten-
tial, which could also be of interest in future works.
Instead, we have been focusing our attention on testing the linear parametrisation, φ − φ0 = λN ,
putting forward its simplicity as main attractiveness. Given the multiple parameter degeneracies that
increase in more complex models, only simple ones can be constrained with current and future observa-
tions. Despite its simplicity, the λCDM model gives rise to an evolution of the Universe that necessarily
converges to the current acceleration, for a very wide range of initial conditions. It also covers a large va-
riety of possible dynamics of dark energy at late times, while keeping its equation of state bound at high
redshift, contrary to other simple parametrisations we reviewed. Moreover, it can reproduce the matter
distribution at low redshift, as well as the anisotropies of the CMB at higher redshift. We have reached
these conclusions by studying the analytic form of the model, confirmed by numerical results. We have
realised that the model, being compatible with astrophysical observations, is a viable generalisation of
the current ΛCDM paradigm, although we did construct it phenomenologically without anchoring it in
existing particle physics theories. We have managed with Planck datasets to observationally constrain
the principal parameter responsible for the variation of the scalar field, |λ| < 0.052 at 1σ CL, without
being able to discard the cosmological constant. However, the observations in the late universe with
KiDS-450 bring a very different constraint, |λ| = 0.52+0.24−0.18, yet with large error bars.
As a step further, we have introduced an additional parameter in the parametrisation by coupling
the scalar field with cold dark matter through a constant coupling β. As a novelty, we have derived the
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analytic expression of the quintessence potential, and modified an existing Boltzmann code to simulate
the background and perturbations evolution in the λβCDM model. Despite the existence of the additional
degree of freedom, the Bayesian inference carried-out with Planck still continues to find a preference for
vanishing values of the two parameters. The preliminary results we obtained with KiDS observations
are significantly in disagreement, λ = 0.70+0.28−0.15 and β = −0.080+0.041−0.057, which can be interpreted as
an energy injection from the dark matter fluid into the scalar field. Consequently, the level of clustering
σ8 increases relatively to the uncoupled parametrisation. However these results cannot be trusted at this
stage as the HALOFIT model used is not tailored to cope with the existence of the fifth force applying to
cold dark matter due to its coupling with the scalar field. We may envisage to recalibrate it on the basis
of N-body simulations that would include the effective Newton constant specifically applying to dark
matter.
As for the future, we would propose to complement the statistical analysis to better constrain the
two models investigated. We have been confronted with Markov chains convergence difficulties that
could be overcome with increased computational power and the choice of more appropriate sampling
algorithms. The combination of the different data sets we used could also bring tighter constraints on the
models. It would help break existent degeneracies between cosmological parameters. Another prospect
of our present work could consist in testing the couplings of dark energy with a possible hot compo-
nent of mixed dark matter. On top of pressureless cold dark matter, radiation, baryons and massless
neutrinos, this model foresees a constituent of matter in a species of massive neutrinos. We could en-
visage to couple our parametrised scalar field with that component rather than with cold dark matter.
Additionally, we could also consider an interaction term between quintessence and the electromagnetic
field in the form of a gauge kinetic function BF (φ) incorporated into the electromagnetic Lagrangian,
LφF = −14BF (φ)FµνFµν [29]. We could, as usually done, consider a linear dependence on the scalar
field. Cosmological bounds on the variation of the fine structure constant α could further help constrain
λ and β. Such measurements are performed by analysis of the spectrum of distant quasars and tight
bounds are soon to be disclosed by the ESPRESSO consortium. Finally, we could envisage to provide
forecast on the future constraints expected from the Euclid mission.
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Appendix A
The homogeneous and isotropic universe
We aim to introduce in this Appendix the theoretical foundations of modern cosmology [36, 76, 77]
that are built on General Relativity [78, 79], which is Albert Einstein’s theory of gravitation [80, 81]
generalising Special Relativity [82]. To begin with, we will recall that the background geometry of
the universe is described by the Friedmann-Lemaı̂tre-Robertson-Walker (FLRW) spacetime metric that
arises from the cosmological principle of homogeneity and isotropy.
From the four fundamental interactions, it is the long range gravitation that governs the cosmic
evolution. The Universe being neutral, the electromagnetic interaction, which is the other long range
force, does not impact it at large scales. Nor does the strong nor the weak force, those only produce
effects at the subatomic level. It is natural to seek cosmological solutions to the Einstein field equations
that characterize the dynamics of the universe as a whole [36, 76, 77]. Although matter gravitational
attraction causes the Universe to be unstable, Einstein found a solution that prescribes a static universe
akin to the paradigm at the time [83]. He incorporated a cosmological constant Λ into the geometrical
side of his equations to counter balance the unthinkable contraction or expansion of the universe,






where gµν is the spacetime metric tensor, G the Newton’s gravitational constant and c the light speed.
The Einstein field equations consist of 16 non-linear differential equations that reduce to 10 by as-
suming that the Einstein tensor Gµν and stress-energy tensor Tµν are symmetric. On the basis of the
Bianchi identities, ∇µGµν = 0 1, the number of independent equations is further reduced to 6. We can
make simplifying assumptions to allow us to obtain exact analytical solutions. In modern cosmology, it
is assumed that the universe is homogeneous and isotropic at large scales. The homogeneity assumption
1The covariant derivative for a given metric is defined as ∇µGµν = Gµν;µ ≡ ∂µGµν + ΓµαµGαν − ΓανµGµα, where Γ is
the connection of the metric with components, Γαβγ ≡ 12g
αδ (gδβ,γ + gδγ,β − gβγ,δ). We are using the Einstein summation
convention that omits the summation sign whenever lower and upper indices are repeated. Moreover, Greek and Latin indices
will respectively be denoting the four dimensional manifold and spatial coordinates.
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means that the universe is exactly the same at any point in space. For instance, any background quan-
tities such as energy densities are a function of time only. The isotropy is defined by the absence of a
preferential direction, i.e. the universe is apparently the same in every direction. With pure geometrical
arguments, it can be demonstrated that the FLRW metric [84–86] is the most generic spacetime that re-
spects those principles. Its line element takes the following form in comoving spherical coordinates and
metric signature −+ ++,
ds2 = gµνdx
µdxν = −c2dt2 + a2(t)
[
dr2
1− kr2 + r
2
(
dθ2 + sin2 θdφ2
)]
, (A.2)
where a(t) > 0 is the scale factor accounting for the relative and homogeneous expansion or contraction
of the universe’s three-dimensional space. The scale factor evolves with the cosmic (or cosmological)
time t which is the proper time measured by a free-falling observer. It is spatially homogeneous and
usually normalized by imposing a0 = 1 today without loss of generality because the multiplication of a
by a constant does not change the dynamics. k is a constant that depends on the geometrical curvature
of the universe, which is respectively said to be spatially closed k = 1 or spatially open k = −1.
Cosmological observations [87] suggest that the universe is nearly spatially flat with k ' 0. The extreme
fine-tuning in k’s value is called the flatness problem whose possible solution lies in the existence of an
inflationary period at the very beginning of the Universe [6].
There is no unambiguous nor unique notion of distance in an expanding universe. All distances
grow proportionally to the scale factor whereas observers at rest with the expansion have fixed comoving
coordinates. As regards light, photons propagate along null geodesics over a distance, not observable,
which is given by the line element in Eq. (A.2) by imposing ds2 = 0. If one considers radial incoming













travelled by those photons reaching, at t0, the observer arbitrarily coinciding with the origin of the
comoving reference frame. This allows us to define conformal time as dτ ≡ dt/a , yielding a classical






1− kr2 + r
2
(
dθ2 + sin2 θdφ2
)]
. (A.4)
The comoving distance coincides with the metric (or proper) distance dM , not observable either, in a flat








and for k = 0⇒ χ = dM .
In astrophysics, distances can be measured with the cosmological redshift z of light wavelength
induced by the expansion. It can be determined by considering the path of photons propagating radially
along null geodesics, as defined in (A.3). This redshift is related to the inverse of the scale factor:
1 + z = 1/a. It is a useful look-back time quantity as well. The wavelength of light is stretched by the
expansion like any physical distance when a increases, since the universe was smaller at the time when
the photon was emitted [88]. The cosmological redshift is not limited, unlike in Newtonian physics
where the redshift is interpreted as a Doppler effect z = v/c and therefore limited to z < 1.
Its observation gave the indisputable evidence that the universe is expanding, through the discovery
of the Hubble-Lemaı̂tre law. Based on the period–luminosity relationship, now known as Leavitt’s law
[89], Edwin Hubble combined his own observations of Cepheids in distant galaxies [90] with Slipher’s
velocities [91]. He discovered in 1929 that the recessional velocity of a galaxy was proportional to its
distance, v = H0 r, where H0 is the Hubble constant, usually written as H0 = 100 h km s−1 Mpc−1
(with nowadays h ∼ 0.67 [5] embedding the observational uncertainty). The law is valid only at small
redshift but can be generalized, v = H r, where H = ȧ/a is called the Hubble parameter (or function)
that represents the expansion rate of the scale factor. The Hubble radius rH of an observer is the distance





The Hubble radius can be considered as the proper distance that light travels during the characteristic
expansion time scale H−1.
There are other geometrical distances that are particularly useful in astrophysics because they can
also be measured. One of them relates to the angular diameter of standard rulers, such as the sound
horizon at decoupling that we discuss in 3.1.3. Knowing the physical size l of an object perpendicular to








as l = a r θ and r = dM . Distances can also be measured from the luminosity of standard candles, like
supernovae type Ia (Cf. Section 2.3). It is possible to define the luminosity distance dL, based on the
knowledge of the intrinsic luminosity of a light source by,
dL = (1 + z) dM = (1 + z)
2 dA. (A.8)
The expansion of the universe is governed by the scale factor a whose equations of motion are the
Einstein field equations (A.1),
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where Rµν and R are respectively the Ricci tensor 2 and Ricci scalar 3. These equations fundamentally
relate spacetime curvature to the matter content of the universe and can be obtained by applying the
variational principle to an action S that includes one term relating to the Einstein-Hilbert gravitation
Lagrangian LG and another to the matter LM ,
S =
∫









√−g LM , (A.11)
where LM is the sum of Lagrangian densities for the fundamental fields of matter, g the metric deter-
minant and
√−g the volume element. The stress-energy tensor Tµν , which describes the gravitational







From the geometrical left hand side of the Einstein field equations, we have seen that the cosmo-









ij = aȧδij , (A.13)
where δij is the Kronecker symbol. Working in natural unites where c = 1, one can compute the non-

















From the right hand side, the matter content of the universe is supposedly well described by a mixture
of radiation and pressureless dust, which is consistent with astrophysical observations. It is possible to
include the cosmological constant too in a given model instead of considering it geometrically. At back-
ground level, matter is considered to be smoothly distributed and described by an idealized cosmological
fluid that can be approximated by a perfect fluid consistent with the cosmological principle. Thus the
form of the energy-momentum tensor Tµν is fixed by,
Tµν = ρ uµuν + p (gµν + uµuν) , (A.15)
2Rµν ≡ ∂αΓαµν − ∂νΓαµα + ΓαασΓσµν − ΓσµαΓανσ
3R ≡ Rνµ = gµνRµν
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where the fluid’s energy density ρ = ρ(t) and isotropic pressure p = p(t) depend on time only. The
remaining degree of freedom of the energy-momentum tensor is the equation of state of the barotropic
fluid p = p(ρ) that can be considered to be of the linear form p = wρ, where w is the dimensionless
equation of state parameter satisfying −1 ≤ w ≤ +1. For a relativistic fluid w = 1/3 while for non-





which satisfies uνuν = −1, in the local rest frame of the fluid corresponding to a comoving observer,
uν = (1, 0, 0, 0). Tµν is diagonal: T
µ
ν = diag (−ρ, p, p, p).
Solving the Einstein field equations, the 0-0 component yields the so-called Friedmann equation that


















The combination of the two last equations leads to the Raychaudhuri equation for the acceleration rate






(ρ+ 3p) . (A.19)









0 − Γσµ0Tµσ = 0,
−ρ̇− 3Hρ− 3Hp = 0, (A.20)
the continuity equation,
ρ̇+ 3H (ρ+ p) = 0. (A.21)
When the fluid components do not interact with each other, each cosmological species satisfies a distinct
equation. The total energy density and pressure can be written as the sum of the contributions of the
individual components, ρ =
∑
ρi and p =
∑
pi. When the equation of state parameter wi of any specie
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i is constant, the continuity equation (A.21) can be solved to find the dependence of the energy density
ρi on the scale factor: ρi ∝ a−3(1+wi).
The critical energy density ρcrit corresponds to the value of the total energy density of a flat universe:
ρcrit ≡ 3H2/κ2. Its present value is ρ0 = 1.878 h2 × 10−29 g cm−3 ∼ 4 × 10−47 GeV4 [92] and is
very close to the present value of the total energy density. The Friedmann equations can also be rewritten
with the help of the density parameter (also called fractional energy density or abundance) Ωi of each








and therefore the Friedmann equation (A.17) reads,
1 =
∑
Ωi(a) + Ωk(a), (A.23)
where Ωk(a) ≡ − ka2H2 ∼ 0. The present-time value of the density parameter is denoted Ωi (a0 = 1) =










The total matter content of the universe ΩM is usually considered to be composed of relativistic (ra-
diation) matter Ωr with w = 1/3, which includes photons Ωγ and massless neutrinos Ων , along with
non-relativistic matter Ωm with w = 0, which includes baryons Ωb and cold dark matter Ωc. Cold dark
matter is an unknown and non-relativistic component which solves several puzzling observations, such
as the anomalous behaviour of the galaxies rotation curve [5, 92–94]. Also, without it, the baryonic
content alone could not give rise to galaxies. It is a key ingredient enabling the formation of structures
at large scales in the universe.
The continuity equation (A.21) governs the dilution of the energy density as the universe expands.
The way it is diluted depends on the fluid pressure and thus on its equation of state. Considering a flat
universe singly dominated by radiation or matter, the Friedman equation can be solved to find that the
expansion of the universe depends on the nature of its content,
ρr ∝ a−4 ⇒ a ∝ t1/2 ⇒ a ∝ τ, (A.25)
ρm ∝ a−3 ⇒ a ∝ t2/3 ⇒ a ∝ τ2. (A.26)
Consequently, since the radiation energy density is proportional to T 4 according to Stefan-Boltzmann
law, one can conclude that the temperature of the universe is proportional to the cosmological redshift
ρr ∝ T 4 ⇒ T ∝ a−1 ⇒ T ∝ (1 + z).
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Figure B.1: Observational Constraints on λCDM with Pantheon+BOSS.
R-1 = 0.0019
Acceptance rate: 27%
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Figure B.2: Observational Constraints on λCDM with Planck.
R-1 = 0.0001
Acceptance rate: 29%
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Figure B.4: Observational Constraints on λβCDM with Planck.
R-1 = 0.1278
Acceptance rate: 24%
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Figure B.5: Observational Constraints on λβCDM with KiDS-450.
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